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1 Motivation

For a function f: R — R, we can write it as a Taylor Series:

o0

f@) =3 enle - a)",

n=0

where ¢, depends on the derivatives of f at a. However, there exist functions f(z) such that, for
all n € N, 07 f exist and are continuous, yet its Taylor Series converges to f nowhere. Take, for
example, the following function

{ez%, x#0

x) = .
9(x) 0, z=0

Thus, we want another method of writing a series for a function, which is where the Fourier Series
comes in. As it turns out, the Fourier Series, as well as its natural extension, the Fourier Transform,
have many applications, from biology to music to partial differential equations.

2 Important Facts

The following integral identities will be important:

/a sin(mz) cos(nx)dz =0 Vm,n (1)
/asin(%x)sin(?x)dx:() m,n € Z;m #n;a € R (2)
/acos(%:x)cos(%x)dx:O m,n € Z;m #n;a € R (3)

/asin2(%x)dx:/a0052<%x>dx:a n € Zyn#0;aeR (4)

2.1 Derivation of Identities
2.1.1 Identity 1

We wish to show that for any a,n,m

/_ " sin(nz) cos(ma)dz — 0.

a



Proof. Consider the case where n = m. Then we perform a substitution u = sin(nz) and du =
n cos(nx) then we have

=0.

—a

“ 1
/ sin(nx) cos(nx)dzr = o sin®(nx)
n

—a

If n # m, then, since cos(y) = cos(—y),

/a sin(nx) cos(mzx)dx = /a % (sin((n +m)z) + sin((n — m)x)) da

—a —a

1 (cos((n +m)r) | cos((n - m)x))

a

2 n+m n—m W
1 [cos((n+m)a) cos(—(n+m)a) N cos((n —m)a)  cos(—(n —m)a)
2 n-+m n+m n—m n—m
=0,
where we used the sum and difference formulas for sine to derive the first line. O

2.1.2 Identity 2
We wish to show that for any integers m,n such that m # n and for some a € R,

/ sin (H:L) sin (mx) dx = 0.
_ a a

a

Proof. Since sin Asin B = 1(cos(A — B) — cos(4 + B)), we can instead evaluate the equivalent
integral,

/a 1 (COS <z$(n - m)) — cos (zm(n + m)>> _ ¢ (sin (2(n—m)) _ sin (Fz(n+ m)))

a2 a a T or n—m n-+m

a

Now, whether we plug in —a or a, we get 0 because we have the sine of some integer multiple of 7
since (n —m), (n+m) € Z. O

2.1.3 Identity 3
We wish to show that for some integers m,n such that m # n and for some a € R,

/ CoS <Ex> CoSs <mx> dx = 0.
a a

—a

The proof of this will be very similar to the last.

Proof. Since cos Acos B = 3(cos(A + B) + cos(A — B)), we can instead evaluate the equivalent
integral,

/a % (cos <zx(n + m)> + cos (E:r(n — m))) _ (sin (Zz(ntm)) i sin (f2(n — m)))

a

—a a a 2m n+m n—m

—a

Again, whether we plug in —a or a, since (n 4+ m), (n — m) € Z, the sine will be 0. ]
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2.1.4 Identity 4
We wish to show that for some nonzero integer n and some real number a,

/ sin? (Egg) dox = / cos? (n—ﬂx> dx = a.
_ a _ a

a a

1- 20
Proof. Since sin?(0) = %() and by symmetry,
“ L, /nT “ 2nm , ,
sin (—x) dz = 1 —cos | —=x | dz = a — sin(2n7) + sin(0) = a.
a a 0 a
1+ cos(20)

Similarly, since cos?(6) and again by symmetry of the region,

2
¢, /nm “ 2nm _ ,
cos (—3:) de= [ 1+cos|—=)dz=a+sin(2nr) —sin(0) = a.
a 0 a

—a

In each case, sin(2nmw) = 0 since n € Z. Since we have 2n7 inside the sine and sine is 0 for any

integer multiple of 7, this formula holds for some special n € Q \ Z, such as n = % O]

3 Inner Products

Inner Products are a generalization of the dot product. The dot product is defined as a function
f:R"x R®” — R, that is, it defines vector multiplication by taking 2 vectors in R” and mapping
them to a real number. The dot product satisfies a few important properties. For u,v,w,z € R"”
and a,b € R,

e (u+v) (w+z)=uv-wt+u-rz+v-wtv-T
o (au) - (bv) = ab(u - v).

® U-V="UV"uU.

e v-v >0 and equal if and only if v = 0.

An inner product has a similar motivation. An inner product is any function f : V x V — F,

where V' is a vector space and F is a field, that satisfies similar properties, defined shortly. First,

we denote the inner product of vectors u and v as (u,v). In the case of the dot product in R™,
n

u-v={(u,v) = Z u;v; where u; and v; represent the ith entry in the vector u and v, respectively.

=1
Let u,v,w,x € V for a vector space V over C and let a,b € C. An inner product is an operation
satisfying the following:

o (u+v,w) = (u,w)+ (v,w).
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Here, Z refers to complex conjugation (ie. a + bi = a—bi). For a vector space over the real numbers,
these conditions simplify. Let u,v,w,z € W for a vector space W over R and let a,b € R. An inner
product is an operation satisfying the following:

o (u+v,w) = (u,w)+ (v, w).

o (u,v) = (v,u).

(
o (au,bv) = ab{u,v).
(
e (v,v) >0 and equal if and only if v = 0.

The first axiom tells us that (v 4+ v, w + z) = (u, w) + (u, ) + (v, w) + (v, z). Over C, it also turns
out that this rule holds as well.

Proof. Note that z; + zo = Z7 + Z3. For vectors u, v, w,x € V for a vector space V over C,

(u+v,w+x)=(u,w+z)+ (v,w+z) = (w+ z,u) + (W + z,v)
= (w,u) + (z,u) + (w,v) + (z,v) = (w,u) + (x,u) + (w,v) + (x,v)
= (u,w) + (u, ) + (v, w) + (v, ).

]

There is much more to inner products, but this is more than what we will need to define the L?
inner product, which defines multiplication of vectors in a vector space of real functions. For f, g
real functions of z in a vector space of real functions, V, the L? inner product is given by

.90z = /V f g d.

If the domain of the functions in this vector space is the closed interval [a,b], the integral becomes

b
(f. g = / f g d.

Now, consider the infinite dimensional function space L?*([—L, L]), the set of all Lebesgue integrable
functions f(z) defined over [—L, L], that is, functions f(x) defined over [—L, L] such that

L
/ |f(x)]? dz < oo,

L

L
f € L*(|[-L, L]) as a linear combination of basis vectors, we must project f onto each of the basis
elements. In R? with standard basis e, es, a vector v € R? has a component in the e; direction
given by the projection of v onto ey,

with the a basis of infinite length {1, cos (%x) , sin (mx) ‘ m € N}. Then, to write a function

V- e
Uel - €1,
€1 €1
IThis is actually a slight simplification. As above, we speak of functions f : [~L, L] — C that are square Riemann

integrable. The vector space L?([—L, L]) of square Lebesgue integrable functions is actually larger. This does not
affect further results. The reason for the absolute values is to properly handle complex-valued functions.
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and component in the ey direction given similarly by

V- ey

Vey = €9.

€9 * €9
In L?([—L, L]), instead of the dot product, we are equipped with the inner product defined above

L
as (f,g)r2 = / f g dz. It follows then that to find the component of f in the direction of a given
-L

basis element ¢ by
<f7 ¢>L2

(¢, ) 12

This allows us to find the coefficient for any basis element so that we can write f as a linear
combination of the basis elements. However, with our basis as it is currently defined, the elements
are only orthogonal to one another in space (their inner products with one another will be 0), but
they are not normed in the sense that their inner product with themselves will be 1. For example,
we have, by (2) and (3),

Jo = .

L L
(sin (22z) ,sin (2%z)) 2 = L
L
(1,1) 12 :/ do = 2L
-L

This will come in handy shortly. For ease of writing, call the first element of this basis ¢, the mth

47
cosine term ¢,,., and the mth sine term ¢,,,. For example, ¢4. = cos <fa:>

4 Fourier Series Definition
To extend a function g : [—L, L] — R to a function that is 2L-periodic (a period of length 2L, for

example L = m and f(z) = sin(z)), that is, construct a function f : R — R such f(x) = g(x) for
x € [—L, L], and extended to R by periodicity: f(z + 2Lk) = f(z) for each k € Z, take

flz) =ao+ nZ:; ay, COS (%x) + by, sin (%x) :

where
1 [L
ao = Z/Lf(x)d%
and . .
an = 7 /_L f(z) cos (f:c> dz,
and

b, = %/_i f(z)sin <n%:v> dz.



5 Derivation of a,, b, Formulae

Consider a function f(z) : [-L, L] — R so that f € L*([—~L, L]). We will extend this to a function
f : R — R defined as a linear combination of the basis elements of the function space defined in

the last section,
f(z) = nz y, COS <nf7rm) + by, sin <nf7rx> :

While this may not look exactly like a linear combination of the basis elements (it appears to be
missing a constant times ¢;), plugging in n = 0, we see that we have an qy term times no trig
function, thus ag is the coefficient of the basis element ¢; = 1. Essentially, this simplifies to the
formula provided for arbitrary f(z) in the last section. By finding proper coefficients ag, a,, by,
this will agree with and lead to our initial definition. To do this, we must find formulas for ag, a,,
and b, (we need not consider the case of by since, plugging in n = 0, we get a by sin(0) = 0 term,
meaning by has no effect). To do this, lets first consider the projection of f onto the basis element
of L*([=L, L)], ¢me, for some fixed m. This gives us

—<;f’ ¢gc>§2 = /L (i @y, COS (%x) + b, sin (%x)) %COS <%$> dz,
mes Pme/ L2 —-L \ ,—0

because the inner product in the denominator will equal L. Note that, by (1), for each n, the

product of the sine terms and the cos (%x) term will be 0. This reduces the integral to

1 [
E/an:%ancos (%x) cos <WZ7T )dx

Now, by (3), each cosine product will be 0 except for the case where m = n. Then, the product
within the integral is completely reduced and evaluated using (4),

L
afm » cos? (%x) dzx = a,,.

. L mm
This then implies that a,, = 7 ( f,cos (Tx>> = / f(z) cos (Tx> dz. So, we are left with
the following formula:

1 /L
=7 /_L f(z) cos (%x) dz,

I : . . . IS nm )

which is equivalent to that stated in our original definition, a,, = T f(z) cos (T:c) dx. By this
~L

exact same reasoning, one can show that

/ f(x sm ) dx.

Now, we must consider our special case, ag. To find ag, note that, since ag is some constant times
1 = ¢4, ap is the coefficient of the basis element ¢,. To find this, we project f onto ¢, = 1. Since

(¢1,¢1) = 2L, we have
<f7 qbl L2
“= T by / fl@

We have now derived all 3 formulas presented in section 4.
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6 Complex Fourier Series
Up until this point, we have been working over the real numbers. We will now work to extend this

definition of Fourier Series to complex valued functions. Let’s begin with our formula for a function
as a Fourier Series over R that we began with in the last section:

x) = Zan coS <%x> + b, sin (%m) )
n=0

We begin by changing each trigonometric function to its exponential form using Euler’s formula:

i0 | ,—if i0 _ —if
e = cosf +isind = cosh = % and sinf = %
7
_ . nm
For ease of writing, we will let y = Tx Then,

i ©© iy —iy W_ ey 1 X }
Zanc y)+by, sin(y) = Zane —|—26 —l—bne 'e = 52% (e e W) —ib,(eV—e V).
n=0 n=0 n=0

Then, distributing the a,’s and b,,’s and grouping the terms by exponential,
1 — :
f(z) = 5 nz_%(an —ib,)e" + (a, + ib,)e™ "

Now, by defining ¢,, as follows, we can change the bounds of the summation to be (—oo,00) and
simplify this to only having one exponential in this summation,

(a, — iby) n >0 |t .
Cn =X ap n=0=— flz)e " %dx,
1 . 2L —L
s(a_p +ib_p) n <0
which allows us to define the Complex Fourier Series for a function f : [—-L, L] — C as
flz) = Z cne = Z e’ T,

7 Fourier Series Examples

7.1 Example 1

Find the Fourier Series for the function f(x) where

r —nm<zx<0

f(i'f)z{ N : f(x +2m) = f(x).

0 0<or<m

We know that our Fourier Series for f will be of the form

fx)=ao+ i an cos(nx) + b, sin(nx),

n=1



since L =7 = 7 = 1. We first find ay,

1 [7 1 0 T T
ao—%/ﬂf(x)dx—g(/ﬂxdx—i—/o Oda:)——z.

To find the a,’s,

1 " 1 0 1 T 0 1 0
n = — /_7r f(z)cos(nz) de = - /_ﬂxcos(mc) dzr = —| s nr) + ﬁcos(nx) )
— 1 0 _ 1 1 1 n+1
_ﬁ(cos( )—cos(mr))—W( + (=1
To find the b,’s,
0\ |0
1 /7r f(z)sin(nz) dz = 1 /O vsin(nz) de — 1 _—xCOS(n;E) n 1. )
7T -7 - m —Tr a T n B
_1 1
=— = —(=1)"
- cos(nm) n( )
Thus,
—T = 1 (=1)"H! (=1)m+
f(z) = Ve + ; S cos(nx) + - sin(nzx).

We can verify this with a graph of the Fourier Series of f:

Figure 1: A plot of the Fourier Series for f for x € [-7,7].

7.2 Example 2

Find the Fourier Series for f(x) where

MIE

fx) =

ol

o flet2m) = f(o).

o~ o
|
g8 INIA

T <
xr <
<T

I
A 1R =

We know that the Fourier Series for f will look like

f(z) =ag+ i a, cos(nx) + b, sin(nzx),

n=1



again because L = m = 7 = 1. Again, we start by finding ay,

1 [" 1
aOZ%/ f(z) dx:%(w)zé.

We now find the a,,’s as usual,

1 [ 2
ap = —/ cos(nzx) dr = — sin <n_7r> :

T J_z/2 ™ 2

When n is even, we will have the sine of some integer multiple of 7, so a,, = 0 for even n. Thus, we

can write a,, as
2 ()02 g odd
a, = .
0 n even

w/2
In the case of the b,,’s, they will all be 0 since / sin(nz) = 0 for n € Z.
—7/2

Since our sum will be 0 for even n, we can skip them by replacing n with 2n — 1 (or some other
odd generating formula, adjusting the lower bound accordingly). Then,

flz) = % + Z Fi cos((2n — 1)x).

Again, we verify this with a graph,

-10 -5 5 10

Figure 2: A plot of the Fourier Series for f for x € [—10, 10].

7.3 Example 3

Consider the aperiodic function f(z) = 22 for z € [—2,2] (assume f is 0 everywhere else). Extend
f:]-2,2] = R to a function g : R — R by periodicity (that is, g(xz + 4k) = f(x) for x € [-2,2]
and k € Z. Here, L = 2, so we know that g(z) will look like

g(z) = ap + nz:l @y, COS (%x) + b, sin <n§x> )

We begin as usual, finding ao:



We now find the a,’s as usual. Using repeated integration by parts, we see that

1 [? 16(—1)"
anz—/ IQCOS<n§ZE> dx:M.

2,2
2/ 5 nAm

The b,’s will be 0 since we will be integrating an odd function over a symmetric interval. We can
verify this using integration by parts,

Then, we can see that

Again, we verify this with a graph:

-10 -5 5 10

Figure 3: A graph of g, the Fourier Series for f, for z € [—10, 10].

8 Motivation for and Definition of the Fourier Transform

8.1 Motivation

While everything discussed above is extremely important and useful in its own right, it only applies
for functions on [—L, L]. Naturally, we want to extend this method in such a way so that we can
study a function defined on R. This is where the Fourier Transform comes in. We will also come
to find that the Fourier Transform has many properties that can be extremely helpful in certain
situations, such as in solving differential equations.

Because we are considering a function defined over R instead of [—L, L], the Fourier Transform
is a natural extension of Fourier Series. We can think of the Fourier Transform as the coefficient ¢,
as L — oo for a Fourier Series.

8.2 Definition

Stated plainly, for a square Lebesgue integrable function f : R — C, the Fourier Transform of f(x)
is given by

Flf@)} = f(e) = / " f@)e?dr, Ve e R,

with the inverse transform given by
FUAOY = @) = [ floerede, voer

10



These are heavy formulas and will be unpacked in the next section. Note that, in physics and
engineering, it is common practice to replace 27¢ with w and f is a function of w, not &.

9 Derivation of the Fourier Transform

We begin with the Complex Fourier Series for a function f : [—L, L] — C,

where

Define &, = % It follows that

nm s

2ré, = T — LT = i?mnT,
We then have a new definition of the Fourier Series for f, given by
o0
fla)=) cue™,
n=—00

where the ¢,’s are given by

B 1 /L f( ) —i2ménz |
Cp = 97, . xI)e xT.

1
Now note that the distance between each &, is given by A¢,, = 3 since n € Z. This gives a new

formula for ¢,
L
Cp = Agn/ f(z)e menrdy,
-L
Plugging this into our formula for f(z),

0 L
f(l‘) — Z (/Lf(x)e—i%rfnacdx) €i27r§"$A£n.

n=—oo

Now we apply the limit as L. — oo. Note that this infinite sum is now actually a Riemann Sum,
and can thus be written as the following integral,

f(x) _ /oo (/‘X’ f(x)e_igﬁgnxdx) €i27rﬁn$ dé’n

fen= [ " fa)e s,

as the Fourier Transform of a function f, and it easily follows that the Inverse Fourier Transform
for a function f is:

Now, simply define:

fz) = / F(e)e™ g,

11



Replace the &,’s with £ (since we are no longer operating over a discrete sum with n as an indexing
variable), and we have the Fourier Transform and Inverse Fourier Transform as defined in the last
section.

10 Fourier Transform Examples

10.1 Example 1
Find the Fourier Transform, F{f(x)}, for

Then, F{f(z)} = f(f) is given by

¢ > 2 1/2 o 1 e 1/2
0 -1/2 —127€ L1/
2 —1 . A 1 /e — p—imt
— —im€ - i€ _ ec-~—€
70 = gaig (¢ =) = 2o (T ).
By Euler’s formula, we know sin(f) = 5 (" —e™*), so

2oon  sin(mé)
f&)=— ;o

10.2 Example 2

Find the Fourier Transform, F{f(z)}, for f(z) = e ™",

Setting up our integral to find f(g),
fe) = / e~ g i2mET g / o~ T(@+2i€D)

o0

Completing the square, we see that
2? + 2ifr = (v +4€)* + €2
Then,
e :/ e @O’ T g — 6”52/ e @O g,

o —00

To evaluate this integral, we can use the following well known result:

oo
2 v
/ e axdx:\/i.
o a

If we substitute u = x + £, since du = dx, then, since a = m, we find that

f@=5w/‘ﬂmwmzaﬁ

o0

With this same reasoning, we can show a more general result that F {e“”‘Z} = \/g e,

12



10.3 Example 3

Find the Fourier Transform of f(x) where

f(x) = cos(27 fox) - X[-7,17 (),

where
1 ze[-T,T]

0 else

Y

X[-T,T) (z) = {

and fj is a given frequency. The indicator function x_7,r)() ensures that our function is only non
zero for x € [T, T, so our Fourier Transform is the integral

A T
f( = /_T cos(2m fox)e ™ .

asin(ax) — beos(ax) e (swhich

Using the well known integral identity that / cos(az)e ""dx =

a? + b?
can be derived with repeated integration by parts and recursion),
T T
76 27 fo sin(27 fox) — i27E cos(2 fo) inren Josin(27 fox) — i cos(2m fox) _ioren
= : e = e
(@ o) + (i27E)? . 2n(f2 = &) .

Then, evaluating at T and —7T and subtracting,

_ fosin(2nw foT') — i€ cos(2m foT) p-izneT | fosin(27 foT) + i€ cos(2m foT') pizneT
- on(f2 — €2) 2r(f§ — €2) '

Now, using Euler’s Formula, we can rewrite each exponential term:

£(©)

e 2T — cos(2mET) — isin(2mET),
™1 = cos(2m€T) + isin(2mET).

For “simplicity”, call wy = 27 fyT" and wy = 27&T. Then, we have

2m(f§ — &) £(6) = (fasin(wn) — i€ cos(wn)) (cos(wz) — i sin(w)
+(fosin(wy) + i€ cos(wy))(cos(wg) + i sin(ws)
= fosin(wy) cos(ws) — i fosin(wy) sin(ws) — i€ cos(wy ) cos(ws

W2

—& cos(wy) sin(ws) + fosin(wy) cos(ws) + i fo sin(wy ) sin(we

in (CL)Q

wn

)

)

) )

(wi) )

+1€ cos(wy ) cos(wy) — & cos(wy) )
(wi) )

= 2fo sin(wq) cos(ws) — 2€ cos(wy ) sin(

2
. j(e) = LosinCriT) COS(QWE(TJ% - i 5;)8(2wfoT) sin(2m¢T)

Now, note that, since sin 6 cos ¢ = $(sin(f + ¢) + sin(6 — ¢)),

S

sin(27 foT') cos(2mET) = %(sin(ZwT(fo +&)) +sin(27T(fo — f))),
cos(2r foT') sin(2m€T) = %<sin(27rT( fo+ &) — sin (27T (fo — 5))).

13



This then means we have that

(o) = fosin(2aT(fo + €)) + fosin(2rT(fy — &)) — Esin(2nT(fo + &) + Esin(2nT(fo — €))
- 27(f3 — €) -

We can then factor our expression to show that

ie) = sin(2r T (fo + ) (fo = &) +sin@rT(fo = &))(fo+ &) _ sin@rT(fo +¢))  sin@rT(fo — )
2r(fo+8)(fo — &) o1 (fo + £) 27o—8)

And we have now taken the Fourier Transform of the nice-looking f(z) to give this horrendous f (&).
As an exercise, compute f(&) using the fact that

A T . T 6i27rf033 + e—i27rf0:n )
f(g) = / COS(QWfOx)6—127T£Idx — / 5 €_Z2W£xd$.
-7 _7

This will yield the same answer and should work out much easier than the method used above.

The plot of this Fourier Transform is quite interesting. A plot of f (¢) with (arbitrarily chosen)
fo=2.67 and T = 4 is shown below.

Figure 4: A plot of f(£) with fo = 2.67 and T = 4.

10.4 Example 4

As an example of the Inverse Fourier Transform, we will take the Inverse Fourier Transform,
F YO} = f(x), of f(£) from our second example,

~

f(&) =e,

Recall that the Inverse Fourier Transform is given by
FUAOY = [ Feerag

Because F~! undoes F, we expect the result

FHO) = f(a) =™

We begin by setting up our integral,

FHier - |

e—7r§2ei27r§x df _ / e—w(§2_2ix§) dg
R R

14



Completing the square,
€2 — 2ix€ = (€ —in)* — (ir)* = (€ —ix)? + 22

2

Substituting and using the fact that / e = \/g along with a u-substitution, we see that
R

f—l{fA(g)} = / e_”(g—im)Q—WIQ dé‘ — 6—7rm2 / e—w(g_im)2 dé_ _ e_ﬂ,xz’
R R
as expected.

While this Inverse Transform was fairly straightforward, many Inverse Transforms are not. They
often require advanced calculus techniques, which is why this is the example chosen.

11 Meaning of the Fourier Transform

While all of this is well and good, we haven’t quite seen why this is an important idea yet. For
now, we will restrict ourselves to the investigation of real valued functions, f : R — R, under the
Fourier Transform. In this case, the Fourier Transform always produces a symmetric function, so
we will only consider the transform of a function f over the non-negative reals, f : Ry — R.

Let’s return to our third example of Fourier Transforms,

sin(2nT(fo +€))  sin(2xT(fo — &)
27 (fo +¢) 2r(fo—¢)

The reader should use Desmos, Mathematica, MatLab, GeoGebra, or a similar tool and vary T and
fo to see how f changes. Code to do so in Mathematica is provided below.

f(x) = cos(2mfox) - xj-ry(2), f(€) =

Clear[fO, f, x, xi, T, FT]

flx_] := Cos[2 Pi fO x] * Boole[Abs[x] <= T];

FT[xi_] = FourierTransform[f[x], x, xi, FourierParameters -> {0, -2 Pil}];
glxi_] = Simplify[FT[xi]]

T = 3;
Plot[glxi], {xi, 0, 5}, PlotRange -> All]
Plot[f[x], {x, 0, 5}, PlotRange -> All]

The Manipulate[] function may also be of use, but typically results in lower performance.

Note that as we change 7', what’s affected is the domain that f(x) that produces a non-zero output
is (since changing T' affects where x[_r7j(x) makes the function 0. It also changes the density of

the waves and height of the peak in the f (&) function, with higher T' corresponding to a higher
density and a higher peak. Some example plots are shown on the next page.
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We can see that as T increases, the Fourier Transform seems more “sure of itself”—the waves are
much tighter and die down quicker away from the peak, and the peak is at a higher y value. This
consequence of the Fourier Transform is very useful and even helps to provide intuition for Heisen-
berg’s Uncertainty Principle in Quantum Physics.

Next, if we vary fo, we see that this changes (in the graph of f) the length of the period and
(in the graph of f) the location of the peak. Some examples are shown below with 7" held at 7. We

Figure 6: Plots of f and f. The first row has fy = 3, the second has fy = 1, and the third has
fo — 4

may observe that the frequency of the original cosine wave has a large effect on the graph of the
Fourier Transform. For now, we will focus on varying the frequency of various functions to see how
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the Fourier Transform is affected. We will hold T" at 7. For our next example, consider the function

f(z) = (cos(27rf0x) + cos(27rf1x)> X117 (%).

If you feel so inclined, practice taking a Fourier Transform on this function. The answer will be
quite similar to that produced in problem 3. Since we are simply looking at the graphical outputs,
we won’t worry about doing so here. A few plots are shown below. We see that the plots of f

v n -1
2 4 5

-2

-2

Figure 7: Plots of f and f with T" = 7. The first row has fy = fi = 3, the second row has
fo=1, fi =4, and the third row has fy =4, f; = 0.2.

can get quite complex when adding cosine functions of different frequencies. However, the Fourier
Transform remains simple and lets us know which frequencies make up the function. But that’s not
all the Fourier Transform tells us! Let’s consider another, slightly more complex, function,

f(z) = (3 cos(2m for) — 2 cos(27 f1x) + cos(27rf2x)> X[-1,17 ().

Here, we will hold T at 8. This means the peaks will be much more extreme and the waves far
more dense, so we will instead plot i f (&) with various frequencies to make things easier to read.
Before plotting, let’s think about what we should expect to see. As before, there will be larger
waves around the frequency values fy, fi, and fy. To further our expectations, note that the Fourier
Transform is defined with an integral, a linear function. This means that if we have the Fourier
Transform of the sum of some functions, eg. F{f(x)} for f(z) = g(x) + h(x), we can “split up” the
Fourier Transform using properties of linearity:

Fg(z) + hz)} = Flg(z)} + F{h(2)}.

Another important property of linearity, is that if we take the transform of some function times a
scalar value, eg. F{k- f(x)} for some scalar k, we can pull the constant out of the transform using
properties of linearity:

Fk - f(2)} = k- F{f(2)}.
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With this, we now actually know what the Fourier Transform for f(z) as defined above will be! We
can see that

F{f(x)} = 3F{cos(27 fox)Xx|-r1)(7)} — 2F {cos(2m frz)x(—11) ()} + F{cos(2m fox)X(-11)(2)}.

With this, we can conclude that at a frequency of fy, the height of the corresponding peak will
be three times as large as that of the peak corresponding to fo. We can also conclude that at a
frequency of fi, the “peak” will not actually be a peak, but a valley, since we have a —2 out front.
We can also conclude that there will only be one peak if fy = f; = fo since we would then just have
2F{cos(2n fox)x—r1(x)} (by adding the three terms together after replacing f, and f, with fo).

Let’s now take a look at a few plots of this. Again, T"is held at 8 and plot % f (£).

N

N

-4

- L ””HJ““I”””H”“““ .

6}

Figure 8: Plots of 1 f(€) and f(z). The first row has fo = fi = fo = 3, the second row has
f() = ]_, f1 = 4, f2 = 6, and the third row has fo = 4, f1 = 02, f2 =T.

As expected, we see peaks (or valleys) at each frequency.

11.1 Why does any of this matter?

One is right to wonder how this function decomposition has usefulness in the real world, but it is
actually one of the most useful concepts in mathematics. From the concept of Fourier Transforms
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comes the Discrete Fourier Transform (DFT), which leads to the Fast Fourier Transform (FFT).
Though they will not be discussed in detail here, they are essentially the Fourier Transform for a
function with a non-continuous domain. This is especially useful in the real world, since most data
does not have a continuous domain. These transforms are used in signal processing, digital record-
ing, pitch correction, data compression/storing information (JPEG, MP3, and other file types),
numerical solutions to ODEs and PDEs, and more. Since the Fourier Transform is more abstract,
it’s not quite as easily applicable to many of these things; however, it is an extremely useful tool in
theoretical work in the fields of ODEs and PDEs, where numerical methods are not often used.

One simple, practical application of the Fourier Transform is to think about a sound recording
with an annoying, high pitched background noise. A high-pitched noise will have a higher fre-
quency, so, in a plot of the Fourier Transform (or, more likely, a DFT or FFT), it will be easily
identifiable as one of the peaks furthest down the £-axis. One can then “remove” this peak and
take an Inverse Transform to make a recording with the same sounds except for that annoying
background sound.

11.2 Relation between Fourier Transform and Fourier Series

Consider a function f : R — C where f is only non-zero on an interval [—L, L] and let f, : R — C
be the periodic extension of f (by means of Fourier Series). The Fourier Transform of f is given by

FUey =0 = [ swesa= [ e,

since f(x) = 0 outside of the interval [—L, L]. The complex Fourier coefficients of f, are given by

I
cn:ﬁ/Lf(x)e Lodx.

Recall that §, = 537 = 27§, = “F. Then, we see that ¢, is given by

1 [t 4 R
Cn =57 /_L f(z)e 2™n*dy = Zf(gn)

1 ~/n
c=571 (57)-

As framed here, this is quite abstract. Seen in an example, this will make more sense. Consider the
function f(x) = xr(x) = x-r,(2) for some T'. Remember that

Framed differently,

(2) 1 ze[-T,T)
_ x) = :
X ] 0 else
Taking the Fourier Transform,
_ — 1 = 4 sin(2w&T)
z27r§xd 127r§xd — 2rgT _ ji2nTy _ .
F{f(x) /f T = / x ——i27T£(e e ey B
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To find the Fourier Series, we must define a period, L. In order for this function to actually have a
period, we must take L > T'. If L < T, the function will never be 0, and will then just be the line
y = 1, which is not of interest. For L > T, we can find the complex Fourier coefficients ¢, by

1 [F I —1, sin(%2T")
= — —i5r :cd - Ly — —iET Ty L )
“= 9L / e Torn )., T Sin ) nr

Then, if we evaluate f (&n) = f (37), we have

"tT)  2Lsin(%ET)

L =
n
Tor ™

1 4
:2Ln n — 571 n)-
e = e = 5 (6

11.3 Why is the Fourier Transform so useful in the study of Differential
Equations?

Let’s begin by taking the Fourier Transform of a general f(z) and its derivative f’'(z). For f(z),
its transform is given by

f{f( /f —z27r£andaj
For f'(x), its transform is given similarly by

FU) =710 = [ £l

Integrating by parts,

F(©) = flaye=e]” -

/f(x)ei27r£x(—i27r§)dg; = f(z)e e
R

h +i27r§/f(x)ei2“§xdm.
o B

—iomex|™

For f(z) meeting certain requirements (discussed shortly), the boundary term f(x)e van-

—0o0

ishes (= 0), and we are left with A
F{f'(x)} = i2n€ f(£).

Amazingly, like the Laplace Transform, the Fourier Transform relates a derivative to its parent
function in an algebraic way, allowing for algebraic solutions to a differential equation. Once an
algebraic solution is found, one can take the inverse transform and find f(z) solving a given differ-
ential equation.

Let us now discuss the limitations of f(z) where this applies. Because e~"27% is a complex number
with modulus 1 (the modulus of a complex number z is given by |z| = /Re(z)? + Im(z)?), then,
as long as lirin f(z) = 0, the limit of the product will be 0 as x — Fo0 and thus the bound-

T—r 00

ary term vanishes. Another way to think about why this is true is to remember Euler’s formula,
e = cosf + isinf. This means that as x — oo, the e~2™* term simply oscillates, so the limit

lim f(x)e ™" is dominated by the f(z) term. Thus, so long as f — 0 at the infinities, the

r—Foc0
boundary term vanishes.
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11.3.1 Example (ODE)

Find a general solution to the second-order differential equation

y'(x) +y(x) = f(z) lim y(z) =0.

r—+o00

The Fourier Transform of y(z) and f(z) are given by §(£) and f(€), respectively. For y”,
Fly"y = —4n¢?y.
Now, we have the following corresponding algebraic equation in &:
—4m*€%(6) + () = f(9).
Here, we can factor out a §(£) then divide by 1 — 47%£2, giving us
99 - 1

We can now find y(x) by taking the inverse transform of this equation. To take the inverse transform
of the right hand side of this equation, one must use the Convolution Theorem, which will not be
covered here. Most inverse transforms use somewhat advanced methods, and, as such, we cannot
hope to cover all of the methods of taking an Inverse Fourier Transform in this document.

11.3.2 Example (PDE)

Consider the wave equation in one dimension over all of R,

Pu(z,t) = O*u(x,t),
u(z,0) = f(z),
at(m’ 0) = g([E)

We can take the Fourier Transform with respect to the = variable, giving us

dtt(g, t) = —471'252’11(67 t),

(g, 0) = f(8),
u(€,0) = 9(£),

where subscripts denote partial derivatives. For each fixed £, this leaves behind a second order
ODE in t, which can be solved by various methods. Of these, the simplest is to notice that we
have a function such that when we take its derivative twice, we get a negative constant times that
function. We know two functions that meet this requirement, those being sin(¢) and cos(t). Thus,
we know our solution will be of the form

(&, t) = ¢1 cos(2mEL) + o sin(27EL),

for some scalars ¢q, co. We can solve for these scalars by applying the initial conditions,

~

a(€,0) = f(€) = 1 cos(0) + co8in(0) = ¢ = f(£),
9(§)

u(€,0) = g(&) = —2m&cy sin(0) + 2wy cos(0) = ¢ = ome
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Thus, our solution is

a(€,t) = f(€) cos(2met) + %&2 sin(27&t).

To find u(x,t), we must take the inverse transform of (&, t) with respect to £. Again, this will not
be covered here. These examples are just to give an idea of how the Fourier Transform can be used
to help solve differential equations.
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