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0.1 Introduction

I started writing this book as a junior in high school in my second semester of AP Calculus BC with
the goal of writing a textbook from the perspective of a student so that better analogies could be
made to increase understanding, since I remember what it was like not long ago to not understand.

Calculus is the mathematical study of change. In this text, we outline the basics of the three main
subjects of calculus: Differential Calculus (Calculus I), Integral & Series Calculus (Calculus II),
and Multivariable & Vector Calculus (Calculus III). We attempt to do this in a fluid and intuitive
manner that is easy for those of various mathematical backgrounds to understand. This book is
intended as an introductory text to calculus and is best used when supplemented with lectures on
the main topics of each chapter.

At the end of each chapter, following the chapter summary, there will be exercises split up by
which section of the chapter they should be assigned with. Solutions to odd-numbered exercises
are provided at the end of the book. Also at the end of the book will be some of the more involved
derivations of different derivative and integral rules, like the chain rule, derivative of inverse trig

functions, integral of (without trig substitution), and more.
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0.2 In Progress Note (v2)

This textbook is very much a work in progress. In its current stage, no formatting has been final-
ized (in fact, in most areas, it will be changed). Exercises will be added in future versions. In this
version, chapter 5 on some of the applications of integrals has been added. Small refinements have
been made to other sections, particularly to the section on limits, though there are many more to
come in the near future.

In the next version, I hope to add more examples and a few exercises for the currently existing
sections. I would also like to formalize my write-up of chapter 3 and roughly complete that section
here. Moreover, I plan on making major modifications to Chapter 1 on limits for the reason that,
while most of the explanations are okay for an intuitive understanding, they lie on very shaky ground
mathematically. T would like to be slightly more precise (while still avoiding epsilons and deltas).
I will also finish the main content of chapters 2 (derivatives) and 5 (applications of integrals) by
finishing the sections on differentiability, implicit differentiation, and initial value problems, along
with adding numerous more examples. My formatting largely varies by chapter as I am trying to
discover which formatting I like the best. It should again be noted that no formatting is finalized,
and that much of the formatting is currently in a very prototypical state.

A rough draft of chapter 3 is complete, and chapter 6’s rough draft is about halfway done. Sug-
gestions and corrections are welcome and encouraged, both of current content and suggestions for
future content (examples, exercises, formatting tips, etc.). Contact information can be found at my
website.


https://joshuanauman.com
https://joshuanauman.com

0.3. IMPORTANT ALGEBRA RULES AND FACTS

0.3 Important Algebra Rules and Facts

Here, we list the results of algebra that are most important to the study of introductory calculus.

1. For an equation in the form az®+bz+c=0, 11
—b £+ Vb?% — 4ac 12.
x = .
2a
13.
CLb .qf = ab+c )
14.
a_b _ CLb_C
ac 15.
ab)c — abc
1 16.
at = — unless a = 0.
¢ 17.
a® = 1 whenever a # 0.
an = am.
In(e*) = k. 18.
k) — k.
19.

10.

L » N>

In(a) = log,(a).

log, (a*) = k.
aloga(k) — 1.
log,(a) = 1.
log,(1) = 0.

log,(z) is undefined whenever z < 0 or
whena=1or a <0.

log, (bc) = log, (b) + log,(c).

log,(b°) = clog,(b). This is only true if
the exponent is inside the log. log,(b)¢ #
clog,(b).

0.4 Important Trigonometric Relations

For any formula that references A, B, C, a, b, ¢, refer to the following triangle. This is a generic tri-
angle. These rules apply to all triangles, even ones that don’t look like this one. What is important
is that side a is opposite of angle A, side b is opposite of angle B, and side ¢ is opposite of angle C.

1. tan(x) = :E;Ei;
2. csce(z) = sinl(x)'

10

1
sec(x) = cos(@)’
cot(x) = 1 cos(x)

tan(z)  sin(z)

. sin?(x) + cos?(z) = 1.



sin A B sin B B sin C
a b ¢

7. cos(2r) = 2cos’(w) — 1 = 1=2sin*(&) = 11 The Law of Cosines:
cos?(x) — sin®(z).

6. sin(2z) = 2sin(z) cos(x). 10. The Law of Sines:

' ' ' o > =a’+b>—2abcosC.
8. sin(a + f) = sin(«) cos(B) % cos(a) sin(3). o 1 — a? 4+ ¢ — 2accos B,

9. cos(a+ ) = cos(a) cos(f) F sin(a) sin(5). o o’ =%+ — 2bccos A.

The unit Circle:

Figure 1: The Unit Circle.

11



0.5. IMPORTANT GEOMETRIC FACTS

0.5 Important Geometric Facts

1. The Pythagorean Theorem: a? + b = 2.

2. Area of a circle: 7r2.

3. Circumference of a circle: 27r.

4
4. Volume of a sphere: gm’

3
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5. Surface area of a sphere: 4mr?.
6. Volume of a cylinder: 7r2h.

7. Surface area of a cylinder: 27wrh + 27712,

8. Volume of a cone: §7T7”2h.



Chapter 1
Limits

1.1 What is a Limit?

The limit is one of the most fundamental ideas of calculus and all of mathematics. This simple def-
inition of the limit is the value that a function is approaching when the function’s input approaches
some value. Let’s take a look at an example.

lim 2% = ?

z—3
This problem is asking “as x gets really, really close to 3, what does x? get really really close to?”
For most problems, a graph of the function is helpful. The graph of the function 2 is shown below,
with a red point indicating the function value when z = 3.

-1 1 2 3 4

Figure 1.1: Plot of f(z) = 2* with a point at (3, f(3)).

So, as we get really really close to the point when x = 3 from each side, what function value are

we approaching? From the graph, it appears that the function 22 is approaching the value of 9.

Let’s confirm this with an algebraic limit: 1in:15 r? = 32 = 9. That’s not everything about limits,
T—r

however—they’re not just a more complex way to tell you a function value. This section will explain

the basics of limits.

1.2 Limits, Graphically
If possible, when calculating a limit, it’s a good idea to look at the graph of the function you’re
taking the limit of. It’s much easier to see this way what value a given function is approaching, if any.

Let’s take a look at a piecewise function—a function comprised of multiple functions, depending

13



1.3. LIMITS, ALGEBRAICALLY

on what the value of x is. Consider the following piecewise function and its graph, shown below.

P N ST I B M
1 2 3 4 5 6

Figure 1.2: A graph of the piece-
wise function f(z).

As you can see, the function is defined for all . At z = 4, the function value is 2 because, if you
look at the constraints on z, you can see that when x = 4, the bottom equation of the piecewise
function defines the function value.

Example 1. What is the limit as x approaches 4 from the left?

Solution. To determine this, we first must decide which part of the piecewise function we are
analyzing. Since we are going from the left of z = 4, we will use the top equation of the piecewise
because it is the part of the function that is defined when x is less than 4. As we move from the
left towards the open circle on the graph, we see that we are approaching the y value of 6. O

Example 2. What is the limit as x approaches 4 from the right?

Solution. First, like above, we must decide which part of the piecewise function to use. In this
case, since the bottom equation of the piecewise function is the part that is defined when x is greater
than (or equal to) 4, we will use the bottom equation. As we move from right towards the closed
circle on the graph, we see that we are approaching the y value of 2. O

What is the limit as x approaches 4 for this function? To answer this, we must compare the
limits on the right and left-hand sides of x = 4. We will talk more about this soon.

1.3 Limits, Algebraically

As nice as it is, you won’t always be able to use a calculator to graph the function you are taking
the limit of. Even for simple functions like the ones previously discussed that you can probably
graph without a calculator, it is important to understand how to take a limit of a function without
looking at a graph.

In the example above, we analyzed the limits of the piecewise function f(z), where f(z) =

3

sr ox<A4

{; . Let’s compute these same limits, but, this time, without a graph. The notation
<z

14



CHAPTER 1. LIMITS

for a limit as « is approaching some value n from the left for a given function g(x) is lim g(z).

T—n—

Similarly, the notation when x is approaching n from the right for a given function g(z) is lim+ g(x).
r—n

Let’s start by computing lim f(z). Since we are approaching 4 from the left, we will use the
r—4-

top equation of the piecewise function because it is the equation that determines what is to the left
of the function at x = 4. The first tool to solving any limit is always plugging in the value that x
is approaching, whether it is a limit from the left, right, both sides, a piecewise function, or some

other situation. Plugging in 4 for x in the top equation, we see that lim f(z) = 6——the same
T4~

answer we got when computing this limit graphically. Now let’s take a look at 1im+ f(x). Since we
z—4

are approaching 4 from the right, we will use the bottom equation of the piecewise function as it is
the equation that determines what is to the right of the function at x = 4. Again, let’s just plug in
x=4 to the bottom equation of f(z). Doing this, we find that lim f(z) = 2.

z—4t

1.4 Limits at Infinity

What value does a function approach as x approaches infinity (r — o0)? What about when x
approaches negative infinity (x — —o00)? Let’s take a look at a few examples.

1
Example 3. Evaluate lim —.
r—00 I

Solution. Let’s think about fractions for a moment. What happens to the value of a fraction
when the denominator grows while the numerator remains constant? The value of the fraction
decreases. So, as x grows infinitely, the value of the fraction approaches 0. Any constant number

divided by an infinitely large value is equal to 0, so we say lim — = 0. One may also see this by
r—00 I

plugging in increasingly large values of x. Doing so:

1
=10: L _ 0.01
x=10: Tz = 0

x 00 e 0.000

= 1000 : ——— = 0.000001
’ 10002

1
= 10000 : ——— = 0.00000001.
‘ 100002
As z increases to infinity, x% decreases to 0. O]

Example 4. Evaluate lim e”.
T—00

Solution. What value does this function approach? To start, note that e is a constant approxi-
mately equal to 2.71828. Any positive constant greater than one raised to a large power will result
in a very large positive number. So, as x grows infinitely, this function approaches infinity, so we
say lim e® = oco. Again, one may see this by plugging in increasingly large values of z. O

T—00

Example 5. Evaluate lim 373,
Tr—00

15



1.5. DOES NOT EXIST

Solution. What value will this interesting function approach as x approaches infinity? Recall our
first example: any constant divided by x as z grows infinitely is equal to 0. So, this limit simplifies
to 3. Any non-zero number raised to the power of 0 is equal to 1, so this function approaches 1 as
x grows infinitely, that is, lim 37 = 1. Again, one may see this too by plugging in increasingly

T—>00
large values of x. m

Example 6. Evaluate lim —3z%.
Tr—r00
What value will this simple function approach as = tends towards infinity? If we omit the
negative sign, we see that as x grows infinitely, the function 322 approaches no finite number, it just
keeps getting bigger as x keeps getting bigger. This means that lim 3z% = oco. If we “re-insert”

T—00

the negative sign, we see that lim —3z* = —oo. Once again, this may be seen by plugging in
T—r00

increasingly large values of z.

Example 7. Evaluate lim —3z%

Tr—>—00
Solution. After our last example, one may be tempted to say that, since we are approaching
negative infinity, this will just be the opposite of our last answer, that this limit is equal to positive
infinity. However, that is not correct. For this problem, remember that any negative number
squared is a positive number. Since x is being squared, this problem is actually identical to the last

one, and lim —32? = —oo. This can be seen by plugging in negative numbers of increasing size;
T—r—00
r=1: -3(1)* =
xr=10: —3(10)* = =300
x =100 : —3(100)* = —30000
x = 1000 : —3(1000)* = —3000000
x = 10000 : —3(10000)* = —300000000.
As z decreases to negative infinity, so too does —3z2. [

1.5 Does Not Exist

1 3¢ w<4
What is the lim —7 or lim sin(x)? What about lim {2 ? Let’s explore these intriguing
z—0 I T—00 z—4 | 2 4 <z

questions.

1
Let’s begin with lin% —. If we plug in 0 for z, we see that this function approaches the value
z—0 r

1
of = when z is approaching 0. Does this mean that lm% — = o0 because a constant divided by
x—0

an mﬁmtely small number is infinity? Not exactly. Until this point, the following has not been
emphasized because it was not necessary in any of the problems we have done so far. To determine
this limit, as with any other limit, we must ensure that the left and right-handed limits are equal,

1 1
that is that lim — = lim —. First, let’s compute the left-hand limit. When z is an infinitely small

z—0— T z—0t x

1
number to the left of 0, it is an infinitely small negative number. This means that lim — = —oo0.
z—=0— T

16



CHAPTER 1. LIMITS

As for the right-handed limit, 1 divided by an infinitely small positive number (since to the right

of 0 is positive) will be infinity, that is, 1im+ — = 00. Since the left-hand limit approaches negative
z—=0T T

infinity and the right-hand limit approaches positive infinity, the limits on each side are not equal.
This means that there is not a single value that this function is approaching when = approaches 0,

1
so, we say that lir% — Does Not Exist, or “DNE” for short.
z—0

Now, let’s take a look at that second limit, lim sin(z). What value does the function sin(z)
T—00

approach as x grows infinitely? Note that the sine function can output any value between (and
including) —1 and 1. In other words, the range of the sine function is [—1,1]. So which of these
values does the sine function approach as x approaches infinity? Does it approach a different value
between those two values? No, this function doesn’t approach any value. The sine function, no
matter how large x grows, never approaches a single value. It continues infinitely oscillating between
—1 and 1. For this reason, we say that xh—{EO sin(xz) = DNE.

What about that third limit? This is a familiar piecewise function, one that we explored when
we discussed limits graphically and algebraically on pages 10 and 11. However, when we previously

3
s <4
discussed this function f(x) = ;3: Z < we only discussed the left-hand and right-hand limits
<z

3
T a:<47

separately. We found that lim f(z) = 6 and that lim f(z) = 2. So, what is lim } 2 ‘
r—4— r—4 z—4 | 2 4 S T

To determine any limit that approaches a number from both sides, we can simply compare the
left-hand and right-hand limits. Because liril flx) # 1iI£1+ f(x), we can deduce that hni fx) =
T—4- T—r T—r

DNE.

1.6 The Squeeze Theorem

The Squeeze Theorem, also known as the Sandwich Theorem, is a simple, intuitive theorem.
The squeeze theorem is defined with three functions: f(x), g(x), and h(x). It states that if f(x) <
g(x) < h(zx), where f(x) = h(z), g(z) must also be equal to f(z) and h(x). This also means that,
even if f(x) # h(zx), if at some point © = a f(a) = h(a), then g(a) = f(a) and g(a) = h(a). This
makes sense—suppose that f(3) = 2 = h(3). The inequality for g(z) is now 2 < g(3) < 2. The only
way that this inequality can be true is if g(3) also equals 2. This is a very simple but extremely
important theorem. It is used in many proofs and in computing many limits. This theorem will
come in handy when we compute the limits in the following section. The name of this theorem
comes from the fact that the function g(x) is being squeezed (or sandwiched) between the two
functions f(x) and h(z), and is forced to be equal to them.

1.7 Special Limits

There are a few very special, very common limits you should know. The three most important are:

17



1.7. SPECIAL LIMITS

sin(x) 1 — cos(x)

lim =1 lim =0 lim (1 + 1) =e~ 2.71828
T

x—0 B x—0 x r—00

Before we verify these algebraically, we present a graph of each special limit.

i 1-— 1\”
Figure 1.3: Graphs of sm(x)) cos(:v)) and <1 + —) , respectively. The third plot includes a
x x

x
dashed line representing the number e.

sin(r)

We now go about showing that lim
z—0 €T

sin(x)

Figure 1.4: A plot of , shown in blue, and cos(z), shown in red.

sin(x) sin(x)

. Also, note that <1 for z

x x
near 0 (it is actually less than or equal to 1 for any x, but we only need it to be less than 1 near
x =0). With this, we can say that

As you can see from Figure 1.4, for x near 0, cos(z) <

sin(x)

cos(x) < < 1 for z near 0.

T

Then, taking the limit as x approaches 0 of all 3 parts of the equation,

, . sin(z) .
< <
fleos(e)) < M= < fm®)
. sin(x)
cos(0) < lim < 1
x—0 x
1 < lim sin(z) < 1
x—0 €x



CHAPTER 1. LIMITS

sin(z)

Since the leftmost and rightmost parts of the inequality are equal (1 = 1), lir% = 1 by the
T—

x
sin(ax)

Squeeze Theorem. A direct result of this is also that lim = 1. This is because we can

z—0 axr
make a substitution, y = ax. As x — 0, y — 0 as well. That means we can write our limit as

sin(y)

lim = 1.
y—0 Yy
_ .1 —cos(x) _ _
We will now show that hmO — = = 0. For this, we start with one of the well-known co-
Tr— €T
sine double-angle identities, cos(26) = 1 — 2sin?(f). If we subtract 1 from each side, we have

—1+cos(20) = —sin?(f). Now, multiplying each side by —1, we are left with 1 — cos(26) = sin?(#).
Then, if we let x = 20, dividing each side of this new equation by two we get that 6 = g Now,

substituting into our trig identity, we have

1 — cos(z) = 2sin? (E> :

2
2 sin? (f>
With this, our limit has now become lim 27

. Now, we can split this up into a product of
z—0 xT

two sine functions:

z—0 €T z—0

. X
(=6
() (M

2

sin(ax)

1
=1, taking a = 2 we have

™ - ((2))0)

. . x
= lim sin <—> .
r—0 2

Then, since lim
z—0 axr

For this, we can just plug in x = 0, as is our usual strategy for limits. Doing so, sin (§> =0, so

1 —
we have that lim ﬂ = 0.
z—0 x

1 X
We will save the final special limit as an example later on. We will show that lim (1 + —) =e
x

T—r00

in Chapter 3, Derivative Applications.

19



1.8. CONTINUITY AND DISCONTINUITY

1.8 Continuity and Discontinuity

An important thing to understand in any calculus class is continuity. Continuity, as it may sound,
deals with whether or not a function is continuous. Basically, if you can graph a function on a piece
of paper without ever lifting your pencil, it is continuous. Here are some examples of functions that
are NOT continuous:

Figure 1.5: Example graphs of discontinuous functions (functions that are not continuous).

How can we classify these 3 types of discontinuities?

1.8.1 Removable Discontinuity

The first type of discontinuity is called a removable discontinuity, often informally referred to
2

as a hole. As shown in the first graph above, the graph of the function f(z) = i
x —
2

t a hol
7> at a hole,

= DNE? No. Algebraically,

the value of the function is undefined. Does this mean that lirri
z—1 1 —

every function with a hole will break down into % at the x value of the hole. This is the reason that
the hole exists—you cannot divide 0 by 0, even with limits (it’s not necessarily infinity or 0, as
we will see). What if we could find a way to get rid of this spot where the function breaks down
into g without changing the function at any other x value? There is. It’s part of the reason this
type of discontinuity is referred to as a removable discontinuity. To do this, we have to understand
what is making the function 0 in the numerator at the same time that the denominator is 0. Let’s
begin by factoring the numerator of the function. The factored version of this function looks like
this: % Is there anything we can “remove” from the function? Yes. Notice the term that is
repeated between the numerator and the denominator, (z —1). If we cancel them out, we find that
the function is now x + 1. This is a much easier limit to compute. We now know that glclgi r+1=2.
2?2 —1

Does this seem plausible? Let’s take another look at the graph of T
:L' —_—

20



CHAPTER 1. LIMITS

Figure 1.6: Plot of f(x) = -
x

1
ith
T Witha

dashed line representing the line y = 2.

The dashed line you see is the y value of 2. As you

can see, this line perfectly intersects with the function

x?—1

at the point x = 1. So, graphically, we can confirm
x —

that lim *

x—1 1 —
approaches 2. In general, our limit strategy is now as

follows:

2

= 2. So, as x approaches 1, the function

1. For a limit lim f(x) where f(x) is not a piecewise
T—a

function, start by plugging in a to f(z). If f(a) is a
number, you are done.

2. If after plugging a into f(z), you get an expression
of the form %, factor the numerator and denomina-
tor of the fraction as much as possible. Once it is
clear what is causing the numerator to be 0 and the
denominator to be 0, cancel out these terms to sim-
plify the fraction. Then, plug in a into your new
expression. If you have a number, you are done.

21



1.8. CONTINUITY AND DISCONTINUITY

1.8.2 Jump Discontinuity

What about that second picture? What is that
discontinuity known as? Does the limit exist for
that function at the x value of 27 Let’s find out.
First, let’s take a look at the function itself. This
piecewise function is defined as follows:

You can see that when x = 2, the function value
appears to be jumping from the curve y = 22 to
the line y = 1. In mathematics, this is referred to
as a jump discontinuity, or, more commonly, a
“jump.” As you can probably tell, the function is
defined when x = 2. You simply plug in 2 to the
— S T bottom equation and get that f(2) = 1. Does
this mean that 9101_% f(xz) =17 No, the jump

Figure 1.7: Plot of the piecewise

discontinuity helps to highlight something
, 2 0<x<?2
function f(z) =

_ important about limits: limits are not just
I 2<x<4 another way of expressing the function
value.

As we discussed earlier, limits show the value the function is approaching. Because this limit does

not specify whether x is approaching 2 from the left or the right, we have to take the limit from

both sides and see if they are equal. The lim f(z) = lirr% 2 = 4 and the lim f(x) = lin%(l) = 1.
T— T—

T2~ z—27+

Because clearly 4 # 1, it can be said that lirr% f(z) = DNE.
z—

In general, our limit strategy for lim f(z) is now as follows:
Tr—a

1. If f(x) is a piecewise function (if f(x) is not, proceed to step 2), check that it is continuous.
If it is continuous, proceed to step 2. If it is not continuous (it is discontinuous), classify the
type of discontinuity. If it is a hole, proceed to step 3. If it is a jump, does the jump occur at
x = a? If no, proceed to step 2. If the jump occurs at x = a and the limit is not a one-sided
limit, the limit does not exist.

2. Start by plugging in a to f(x). If f(a) is a number, you are done. If not, continue to step 3.

3. If after plugging a into f(x), you get an expression of the form %, factor the numerator and
denominator of the fraction as much as possible. Once it is clear what is causing the numerator
to be 0 and the denominator to be 0, cancel out these terms to simplify the fraction. Then,
plug in a into your new expression. If you have a number, you are done.
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CHAPTER 1. LIMITS

1.8.3 Infinite Discontinuity

Now, let’s talk about the third type of
discontinuity. First, let’s take another look at
the graph (left).

X

This is the graph of the function T The
6 €xr —

only interesting thing in this function occurs
when x = 1, as you can see from the graph. At
x =1, there is a vertical asymptote, something
you may remember from algebra, a vertical line

2 the function is asymptotic to (approaches). We
refer to this as an infinite discontinuity, since the
T~ ‘ N R ends are approaching infinity and the function is

discontinuous because of it. Let’s compute the

i lim ———. Here, plugging in x = 1, we get %.
-2 z—1 px — 1

What does this mean? Well, taking another look
at the graph, we can see that this limit does not
exist—the two sides of x = 1 do not approach
the same value. Mathematically,

Figure 1.8: Plot of the function lim = lim . However, this isn’t
x =1 —1 a1t —
flz) = . always the case, even with this type of
r—1 ) o :
discontinuity. Let’s take a look at another
example.
5,
al
al
2,
i
-4 —2 T 4

1
Figure 1.9: A plot of the function —.
x

This is actually the graph of a function whose limit as x — 0 we’ve already computed in section
1.4, Limits With Infinity. However, when computing that limit, we didn’t consider the limit from
each side. We start with the process listed at the end of 1.8.2.

1. f(z) is not a piecewise function, so we proceed to step 2.

2. Plugging in z = 0 to f(x), we get f(0) = 5z = ¢. Since this is not a number, we proceed to
step 3.
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1.8. CONTINUITY AND DISCONTINUITY

3. Step 3 only helps us if we have something in the form %, so where can we go from here?

1
Now, we must define step 4. If lim f(z) = 0’ check whether or not lim f(z) = lim flz). If
T—a r—a~ r—a

these limits are equal, that is the limit of the function. If these limits are unequal, the limit does
not exist. We now use this final step to evaluate our limit. First, we check the limit as + — 07,
the limit as x approaches 0 from the left. As z — 07, z is becoming an extremely small negative
number. Because x is in the denominator of the fraction, as x gets smaller, the value of the fraction
increases. So, if = is as small as possible (infinitely close to 0), the fraction is as big as possible
(infinity). Now, we just have to decide whether this is a positive or negative infinity. As you can
see from the graph, as © — 07, the function grows in the positive direction, so lim — = oo. But
z—=0— T
why positive infinity? Why not negative infinity? This is because the denominator is squared, so
the negative, in a sense, goes a way. If x was being raised to an odd power, this would limit would

approach negative infinity. For example, lim — = —o0.
z—0— T

1
Now, we check the other side of this limit, lim+ —. We use the same reasoning as previously.
z—=0T T

Since the denominator of this fraction is getting endlessly smaller and the numerator is not chang-
ing, the value of the fraction is getting endlessly bigger, that is, it is approaching infinity. Since x is
positive (since it is a number just to the right of 0) and a positive number squared is also positive,

: . . . .1
lim — = oco. Since our limits on each side are equal, we say that lim — = oo.
z—0+ T2 z—0 12

We now present our updated general limit strategy:

1. If f(x) is a piecewise function (if f(x) is not, proceed to step 2), check that it is continuous.
If it is continuous, proceed to step 2. If it is not continuous (it is discontinuous), classify the
type of discontinuity. If it is a hole, proceed to step 3. If it is an infinite discontinuity, proceed
to step 4. If it is a jump, does the jump occur at x = a? If no, proceed to step 2. If the jump
occurs at £ = a and the limit is not a one-sided limit, the limit does not exist.

2. Start by plugging in a to f(x). If f(a) is a number, you are done. If it is instead of the form
8, proceed to step 3. If it is in the form of { for some number n, proceed to step 4.

3. Factor the numerator and denominator of the fraction as much as possible. Once it is clear
what is causing the numerator to be 0 and the denominator to be 0, cancel out these terms
to simplify the fraction. Then, return to step 2.

4. Check the left and right limits. If they are equal, the limit exists and is equal to those limits.

If they are unequal, the limit does not exist.

1.8.4 Oscillating Discontinuity

We now introduce our final type of discontinuity, the Oscillating Discontinuity. This is occasionally
also referred to as an essential discontinuity, as it cannot be removed from the function (it is essential
to the definition of the function). Before we take a look at an example, we outline two important
characteristics of an oscillating discontinuity. These will be explained in our example. Those are:

1. The oscillations are bounded.
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2. At least one side of the limit does not exist.

Now, for an example. Consider the function f(x) = sin(%), shown below.

T

Figure 1.10: A plot of the function sin(%).

You can probably see where the name oscillating discontinuity comes from—the function oscillates
rapidly between —1 and 1 when z is close to 0. As you can see, the function stays nicely bounded
between the dashed lines y = —1 and y = 1 (as is expected, since sine only outputs values between
—1 and 1 when it takes real numbers as inputs). We now only have left to ensure that the limit
doesn’t exist from at least one side of the discontinuity (which occurs at 0, since the only thing
undefined in this function is sin(g)). We will check both sides of the limit, however:

1
lim sin (—) = sin(—oo) = DNE
z—0~ xT
1] .
lim sin (—) = sin(oo) = DNE.
z—0t x

Since the limit does not exist from either side, this is an oscillating discontinuity.

Note: We used some improper notation above. Since infinity is not a number, it is meaning-
less in an equation without a limit present. The sin(oco) is a meaningless statement. What we
should really say is that as  — 0T, % — 00, so, if we take y = %, then, as z — 0%, y — oo, and

1
we can write lim+ sin (—) = lim sin(y) = DNE. For 2 — 0~, we follow a very similar process. We
z—0 €T Y—r00

will present our general limit strategy after we define Continuity at a Point.

1.8.5 Continuity at a Point

For a given function f(z) to be continuous at a point (a,b), f(a) must be defined and equal to
b, and lim f(x) must exist and be equal to f(a). This is just a fancy way of saying that, for a
r—a

function f(x) to be continuous at a point, the limit to that point must exist and be equal to the
function value at the point. The limit and the function value being equal ensures there is not a
jump discontinuity, and the function being defined at the point ensures there is not a removable
discontinuity, infinite discontinuity, or oscillating discontinuity.
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1.8. CONTINUITY AND DISCONTINUITY

We now give a final summary of our general limit strategy.

General Limit Strategy

For a limit lim f(z),
Tr—a

1. Is f(x) a piecewise function? If no, go to step 2. If yes, skip to step 3.
2. Plug in x = a to f(z). If f(a) is a number, you are done. If not, go to step 4.

3. Is there a jump discontinuity at the point x = a? If yes, the limit does not exist. If no,
plug a in for z. If f(a) is a number, you are done. Otherwise, proceed to step 4.

4. Classify the type of discontinuity.

a. If it is an oscillating discontinuity, the limit does not exist.

b. If it is a removable discontinuity, remove it by factoring the numerator and denomi-
nator and canceling out like terms. Then, return to step 2.

c. If it is an infinite discontinuity, check the limit from each side. If they are equal, that
is the limit. If they are unequal, the limit does not exist.

1.8.6 Examples

We will now work through some examples. You should try each example on your own, and then
read through the solution. If you get stuck, give yourself a hint by reading a part of the solution.
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CHAPTER 1. LIMITS

Example 1 - Classifying Discontinuities

Determine whether or not there is a discontinuity at each point labeled A
through F on the plot below. If there is, classify the type of discontinuity.

Solution:
There are two conditions for continuity: the limit must exist AND the function must be
defined.

First, notice that, at points A, C, D, and E, the circles are closed (filled in), so, by
convention, the function is defined at those points. Also notice that B has the same z
value as point C, so the function is still defined for the x value of B. Since F is an open
circle and there is no other closed circle with the same x value, the function is not defined at F.

We now analyze the limit of each point. At point A, notice that the two functions
on either side (a cubic on the left and a linear function on the right) meet. Since they meet
at this point, the limit from the left and right will be the same, and thus the limit will exist.
As x approaches the x value of the points B and C, from the left, the limit is B, and, from the
right, the limit is C. Thus, the limit does not exist. At point D, notice that the function runs
right through the point. This is a surefire way to know that the limit exists at point D. This
same logic applies to points E and F (and also A), and so the limits exist at those points as well.

Conclusion:

Since the limit exists and the function is defined at points A, D, and E, the function is
continuous at those points. At points B and C, the limit does not exist, so there is a
discontinuity. Since you have to “jump” from B to get to C (and also to get from C to
B), this is a jump discontinuity. At point F, the function is not defined, so the function is
discontinuous at F. This is a removable discontinuity (a hole) because it does not fit our
definition of any of the other discontinuities.

Note: There is also an infinite discontinuity at x = 6, but that does not affect any
of the other points A through F. Their continuity does not depend on what is going on
elsewhere in the function.
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1.9 Intermediate Value Theorem

The Intermediate Value Theorem, or IVT for short, is a simple theorem that states that for any
function f(x) that is continuous on the closed interval [a, b], the function takes on all values between
f(a) and f(b). The only reason this must be a closed interval is so that the function is defined at
the endpoints. Otherwise, how could f(a) and f(b) be defined? A more complete definition is as

follows:

Intermediate Value Theorem (IVT)

Suppose f(x) is a function continuous on the closed interval [a,b]. Then, for some y where
fla) <y < f(b) or f(b) <y < f(a), there exists a value ¢ in the interval [a,b] such that

fle)=y.

We will first illustrate this with a general picture, then with an example.

Figure 1.11: A plot of a generic function with endpoints (a, f(a)) and (b, f(b)), where a < ¢ < b
and y between f(a) and f(b).

Here’s an example. Suppose you have some function f(z) that is continuous on the closed interval
[0,3]. If f(0) =3 and f(3) =7, must there exist some value ¢ that is 0 < ¢ < 3 such that f(c) =47

The answer to this question would be:

The function f(z) is continuous on the interval [0,3], f(0) = 3, and f(3) = 7. Since 4 is be-
tween 3 and 7, the IVT applies, and it follows that there exists some value ¢ on the interval [0, 3]

such that f(c) = 4.
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1.10 Chapter 1 Summary and Exercises

A limit tells us what a function is approaching as = approaching a given number (or
infinity).

e We can analyze limits graphically by looking at what y value the function approaches
as x approaches some number.

e We can compute limits algebraically with the process outlined at the end of section
1.8.5.

e As x — oo, the end behavior of a function is determined by the fastest growing term.
Lower ordered polynomial terms can be disregarded.

e If the left and right-handed limits to not agree or if the limit does not approach a single
value or infinity (such as with sin z), the limit Does Not Exist.

o If f(z) < g(x) < h(x) and f(x) = h(z), then f(x) = g(x) = h(xz) by the Squeeze
Theorem.

e There are three special limits you should know:

sin(x) 1 — cos(x)

1 x
lim =1 lim =0 lim (1 - —) =e~ 2.71828
75

x—0 e x—0 X T—00

e In general, if you can draw a function without lifting your pencil, it is continuous.

e The 4 types of discontinuities are removable, jump, infinite, and oscillating discontinu-
ities.

e A function f(x) is continuous at a point a if lim f(x) = f(a).
r—a

e In short, the Intermediate Value Theorem states that if a function is continuous on a
closed interval [a, b], then for every y between f(a) and f(b), there exists a x = ¢ in the
interval [a, b] such that f(c) = y.

1.10.1 Chapter 1 Exercises
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Chapter 2

Derivatives

2.1 What is a Derivative?

For functions of the form f(z) = mx 4 b, we can easily tell what the slope at any point z is.
However, for functions like z2, sin(z), e* and logs(z), we cannot. This is where the derivative
comes in. The derivative is a way of defining the slope at any given point. For example, on the
graph of the function 2%, the slope at the point x = 3 has a value of 6 (we'll talk about why in just
a moment). This means that the tangent line' at the point x = 3 has a slope of 6. So, the tangent
line at the point would be y — 9 = 6(z — 3). This will make more sense in the upcoming sections.

2.2 Limit Definition of the Derivative

We begin with the definition of rate of change from Algebra I, the change in y, Ay divided by the
change in z, Az, giving us the change in y per unit change in z:

A _
Rate of change = S _ R0
Axr 19— 1

Now, let the distance between x5 and x; be h, that is, Az = x5 — x1 = h, as shown in the picture
(left).

LA tangent line is a line that only touches the function at one point instead of crossing through the function.

31



2.2. LIMIT DEFINITION OF THE DERIVATIVE

With this, the new formula for the rate of change
becomes

Rate of change = Y2 ; iy

In function notation, yo = f(z2) and y; = f(z1).
With this, we have the formula

f(%) - f(fl)_

Rate of change = .

Now, remember that we defined h = x5 — z7.

Figure 2.1: A plot of a function This means that, adding x; to each side,
with two points z; and z, labeled x1 + h = 5. Making this substitution,
with distance h between them. Flzy +h) — fz1)

Rate of change = Y

Remember that the goal of the derivative is to define the rate of change at a single point (called
instantaneous rate of change). To do this, the distance between our two points, h, must be 0.
However, if we make this replacement, we are left with w = %. This is undefined, but,
using limits, we can find what value this slope function approaches as h — 0. With this, we define
the slope at a point z; for a function f(z), denoted f'(x1)*:

f/<x1) — lim f(xl + h) — f(xl)

h—0 h

We can generalize this to find an expression for the slope at any point by instead evaluating f’ at
a generic x. This results in the definition of the derivative?, as follows.

Definition of the Derivative

For a function f(x) satisfying certain properties (to be discussed shortly), the derivative of

fos a Fla+ 1) - f(x)
% (x) = f'(z) = lim - :

We can verify this using a basic function in the format y = ma +b. Take the function f(z) = 3z+6,
for example. From our knowledge of linear equations, we know that this function has a slope of 3.
We will verify this with our new formula:

() = lim (3(z +h) +6) — (32 +6) _ hm%+3h+6—%—6 _ hm% _ 3
h—0 h h—0 h h—0 K
From this, we can determine that the slope at any given point of the function f(x) = 3x 46 is 3.

2You will often see the derivative denoted as f’(z), read “f-prime of z.” The mathematical function that represents

the derivative is —, read “dee-dee z,” meaning take the derivative with respect to . The derivative of a function

x
y is often denoted y’, read “y prime.”

3This definition of the derivative is often referred to as the “First Principles” definition or “Limit Definition” of
the Derivative.
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CHAPTER 2. DERIVATIVES

We can be more general with this and show that the slope of f(x) = maz + b is m:

vy omx+h)+b—(mx+d) | mr+mh+b—mr—F . mh
f(x) = lim = lim = lim — =m.
h—0 h h—0 h h—0 K

And thus, the derivative of a linear function f(x) = mx 4 b is m.

What if we test this using a function we don’t know the slope of? Take the function f(z) = 22,
for example. Using our limit definition of the derivative and the fact that (a + b)? = a® = 2ab + ?,

2 .2 2 7
g EEW o 2wh g ’%zlimw{—+h:lim(2x+h):2x.
h—0 h h—0 h h—0 )1 h—0

This means that the slope at any given point on the graph of 22 is 2 multiplied by the value of x
at that point. Back to the example at the beginning of this chapter, the derivative of f(x) = 2? at
the point z = 3 is f/(3) = 2(3) = 6. How can we verify this? By graphing the tangent line? with a
graph of the original function, we can verify whether or not this is true. The graph of the functions
can be found below.

30

20

10—

Figure 2.2: The function f(z) = x2, shown in blue, and its tangent line at the point z = 3, shown
in red.

2.3 Differentiability

2.4 Derivative Shortcuts

Of course, doing the limit definition of a derivative every time you want to take the derivative of
something would be very tedious. Luckily, there are shortcuts. How these shortcuts are derived will
not be shown immediately, but, as we discover more calculus techniques, derivations will be shown
for many of these tricks.

4We can graph a tangent line using “point-slope form”, y — y; = m(x — x1), for a slope m and point (z1,%;). In
function notation with derivatives, we write f(x) — f(a) = f’(a)(x — a) for the tangent line to a function f at a point

a, f(a).
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2.4.1 Properties of the Derivative

There are two very important properties of the derivative. These will make taking derivatives much
easier, and there are still more tricks to come.

1. For differentiable functions f(x) and g(x), dix [f(x) + g(x)} = %f(x) + %g(w)

2. For a differentiable function f(z) and constant n, di [n . f(a:)} =n- dif(x)
x x

We will use these properties and provide examples in the following sections.

2.4.2 Power Rule

Power Rule for Differentiation

1

For a function f(z) of the form z", the derivative is f’(z) = na""'. Using property 2 of

the derivative, for a function f(z) = ax™ where a is a constant, we have that e f(z) =
7

a i [x"} = ana™ !
dx B i

This will be proven in Section 2.4.8. We will now perform some examples of this rule. Starting
simply, consider the function f(z) = x*. We took the derivative of this function in section 2.2 and
got 2z, so we expect to see f'(z) = 2z. We will now use the power rule to differentiate 2. In this
equation, n = 2, so f'(x) = 22?1 = 2z, as expected. We will now attempt a more difficult example.

1
Given g(z) = 22° — Yz + — = 2% find ¢ (z).
x

This probably looks very overwhelming. There are a lot of different components to this func-
tion, and many are not in a form where it is easy to apply the power rule. We must stay calm, and
apply our properties of derivatives and rules of algebra, then we will have a simple derivative left
at the end. First, we apply property 1 of the derivative:

O N WG Sy

We will now evaluate each of these derivatives separately, and then combine them again at the end.
d d d
Firstly, — [2:153] = 2— [a:g’] by property 2 of the derivative. We now have n = 3, so 2— [:c?’] =

dx dx dz
2(3)2*~t = 62%. For our second derivative, we use the second property of derivatives and write

d d a
o [—%] = [\3/5] We then use the fact that v/2¢ = x». Then, we have
x T
d dr . 1 dr : 1 . 1 2
& Vi =gl = =g - let] et = g

For the third derivative, there is no coefficient, so we do not have to apply either property of the
derivative. Instead, we apply the rule of algebra that mia = x~% With this, we can rewrite x—IQ =72,
With this, we have n = —2, and it follows that

d[l}: d

“ el -2 — _2 —2—1 — _2 73.
dr dz ["” ] v v

12
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Now, for our final derivative of this example, we apply the second property of derivatives, and have

d d
that I [—x3”2] = 1 [a;?”r?]. While this looks very complex, notice that since 3, 7, and 2 are all
T T

numbers, 372 is also a number, so we can apply the power rule with n = 372

d 3n2 drs 2] 2, 3n2-1
— =2’ | = —— 2" |= =3nx”" .
dx [ } dx [
We now combine all of these derivatives (by the first property of the derivative) and see that (using
some rules of algebra to rewrite our expression), that
1 1 2
J(z) = 62° — “p73 — 2078 — 3231 = G 32t L,

3 3Va? @

If any of those algebraic manipulations are unclear, review section 0.3.

: : : : : 2?4+ 2?41
For our second and final example of this section, we will consider the function f(r) = ————.
This may look like something we don’t yet know how to solve. If you look back at section 0.3,
you won’t see any trick for this either. So what can we do? Well, we first must remember how
to add fractions. When we have two fractions with the same denominator, we can simply add the
numerator. Here, we will do that in reverse:

4 +1 2t a2

1 9 1
—t -t -=r+r+ .
x x X x x

Using property 1 of the derivative, we consider these as 3 separate derivatives. For x2, we have
d

computed this derivative multiple times: —a? = 2. For z, this is a linear function y = ma + b
x

with m = 1 and b = 0, so its slope (derivative) is 1. This agrees with the power rule: z = z',

so we have n = 1. Then, d—x =1-2"1 =1.2% = 1. We have one final derivative to consider:
x

drl
d—[—} Here, we can use the algebra rule that xia = 27 Here, a = 1, so % = 27! Then,
xlx
drl d
— [—} = o=z = 272 = —— This gives us our answer,
derlzl dx x?
d

1
af(:v):2x+l—ﬁ.

2.4.3 Product Rule

Product Rule for Differentiation

For a function F'(z) = f(x) - g(x) where f and g are both differentiable,

F'(z) = f(2)g'(x) + g() f'(z).

This rule looks more difficult than it is. Essentially, it says that if you have two functions being
multiplied and want to take the derivative, write down the first function and multiply it by the
derivative of the second function, then add to that the second function multiplied by the derivative
of the first function (or in the opposite order). Before we get into any examples, we present a proof
of this relation.
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Proof. Let F(z) = f(z)g(x) with f(z) and g(x) both differentiable. By the definition of the
derivative,

F'(x) = lim Pl+h) - F(m)
h—0 h
Observe that F'(z 4+ h) = f(x + h)g(x + h). Then,

oy J@+h)gla+h) = fz)g(x)
Fi(z) = Jim h ‘

Now, note that f(x + h)g(z) — f(x + h)g(x) = 0, so adding this term to the numerator will not
change the result. Doing so,

flet+h)g(z+h)+ —f(z+h)g(x) + [z + h)g(x) — flz)g(x)

Flz) = lim h
S g+ ) — gla))+9(a) (S + 1) — f(@)
50 h
S@(g@+n—9@) 9@ (f@+n) - f@)
= lim +
h—0 h h
= o 2 ) |y SN S1E)

Fl(z) = [f(z)g'(x) + g(z)f(2).

2.4.4 Chain Rule

Chain Rule for Differentiation

For a function F(z) = (fog)(z) = f [g(:v)} with differentiable f and g,

This is also commonly written
d . du
af(“) =f (U)E'

. J

This is one of the most important rules in calculus and is essential to success in calculus. It states
that if you have a function composed of another function, you can simply take the derivative of the
“outer” function evaluated at the “inner” function and multiply it by the derivative of this inner
function. Proofs of the chain rule are generally beyond the scope of calculus classes, however, one
is included at the back of the book. This is easier to see with examples. We will do one now, a few
at the end of this section, and many at the end of this chapter.

Consider the function h(z) = (z* — 52® + 222 + 3z — 7)3. Find I/(1).

It is possible to take this derivative using only the power rule, or, if you're feeling especially adven-
turous, with only the limit definition of the derivative. Doing either of these options would involve
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an extensive amount of algebra, and doing the limit definition would involve expanding an (x + h)!?
term! Clearly, these are not good options for this function as they would take quite some time to
compute by hand. Instead, we can use the chain rule. Notice that the function h(z) can be thought
of as a composition of two functions, f(x) = 23 and g(x) = 2* — 52° + 222 + 3z — 7. Then,

hz) = f(g(z)) = f(z* —5a® + 222 + 32— 7) = (2" — 52° + 222 + 32 — 7)°.

This means we can use the chain rule. To do so, we need to know what f’(x) and ¢'(z) are. Let’s
compute these derivatives. For f(x) = 23, this is simply a power rule with n = 3: f/(z) = 323! =
3z%. As for g(z), we split this into 5 power rules:

d

1 zt = 423

% [—53:3]: —5%:{;3 = —1527
% 212 = 2%3:2 =A4x

dim 3xr = S%x =3

£ s

So we have that ¢'(z) = 423 — 1522 + 42 + 3 (by property 1 of the derivative). We can now put this
all together:

h'(x) = f' [g(x)}g’(x) =3 [g(x)]2(4x3 — 152° + 4z + 3)
B (z) = 3(x* — 52° + 22% + 32 — 7)*(4a® — 152° + 4z + 3)
1 (1) :3(1—5+2+3—7)2<4— 15+ 4+ 3) = —432

So the slope of the line tangent to h(x) at x = 1 is h’(1) = —432. In other words, the instantaneous
rate of change of h(z) at x = 1is h'(1) = —432.

2.4.5 Quotient Rule

Quotient Rule for Differentiation

/(=)

For a function F(z) = 7@) where f and g are both differentiable,
g(x

_ 9@)f'(z) ~ f(z)g'(x)

F() g(z)?

Again, this looks quite complicated, but it is actually a very nice rule that can speed up the process
of taking derivatives. A way to remember this formula is by saying to yourself “low d high minus
high d low all over low squared,” where “d” represents taking the derivative, “low” represents the
denominator, and “high” represents the numerator. We will now go about proving this using the
product, power, and chain rules (this can be proven with only the limit definition of the derivative,
but that is far more difficult).
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Proof. Let F(z) = %x; for differentiable functions f(z) and g(x). Then, using the fact that
g(x

1

— =a" !, we can rewrite F(x) as f(z) - g(x)~. Now, we can apply the product rule:

a

F/(w) = () (g)") +g(a) - /(o).

!/
From the power rule and chain rule, we know that (g(:v)’1> = —g(z)~?- ¢/(x). With this, we have

oy f@) =g (@) f@)  fl@) —g(@)  fz)- g()
PO =" T T @ T gy
_ f@)g@) | fla)g()
g(x)? g(x)?
_ g@)f'(x) — f(2)g'(x)
g(x)?
]
An example now follows. Let p(z) = %. Find p'(z). In this example, f(z) = 2> +z+1
and g(x) = z* + 2®. Using the power rule, we can find that:
fl(x)=2z+1

d(z) = 42 + 32°
Now we simply plug in our f, f’, ¢, and ¢’ into the quotient rule:

(x' 4+ 23)(2x + 1) — (22 + z + 1)(42® + 32?)

p (I) - (ZL‘4 + $3)2
) — (2?2 +2)2x+1) — (2* + 2z + 1)(4x + 3)
p'(z) (23 + 22)2 ‘

2.4.6 Known Derivatives

There are 16 “must-know” derivatives. These will come in handy often and will be a pain to derive
each time you have to use them. We will present derivations for some of them here, and the rest in
the back of the book. A table will be included at the end of this section.

We begin with the derivative of sin(x). From the limit definition of the derivative,

, .. sin(z + h) — sin()
e sin(z) = }lllir(l) h :

Then, applying sin(a &+ ) = sin(«) cos(f) £ cos(«) sin(f), we have
sin(z) cost#)™ + cos(z) sin(h) — sin(z)

—sin(z) = lim

dx h—0 h
_ 3 sinfrT + cos(x) sin(h) —si(T)
— W h
in(h
= cos(z) lim sin(h) = cos(z).
h—0
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In the last step, we applied one of the special limits from 1.7. The method for differentiating cosine

is similar, so it will not be shown here (it is at the back of the book). Note that e cos(x) = —sin(z).
T

Using these two derivatives, we now have enough to differentiate tan(z) using the quotient rule.

Since tan(z) = EE;EI)), we have f(z) = sin(z) and f'(z) = cos(z) along with g(z) = cos(z) and
T

¢'(x) = —sin(z). Using the quotient rule, we have

d d sin(z)  cos?(z) + sin?(z) 1 )

dz an(z) dz cos(x) cos?(x) cos?(x) sec”(®)

1
We will now differentiate sec(x). Note that sec(x) = @) This means we can use the quotient
cos(x

rule with f(z) =1, f'(z) = 0 and g(z) = cos(z), ¢'(x) = —sin(z). Plugging this into our formula,

d d 1  0—(=sin(z)) 1 sin(n)
e sec(x)

- dzcos(z)  cos®(z)  cos(z) cos(z) = see(z) tan(a).

The derivatives for cosecant and cotangent are performed in a similar manner. Those are:

o cot(z) = —csc?(w)
d
o csc(r) = —csc(x)cot(z).

We now move away from trig derivatives for a moment. What is the derivative of Inx? We start
with the limit definition of the derivative:

In(x+h) —1In(z) ~ im hl(%)

1
d 1 h . B\ »
dx h—0 h leo h _,llﬂﬁln(l‘FE)—}lL%ln((l—i—E) >

— Inz = lim

Since the entire limit is inside the log, we can move the notation for the limit inside the natural
logarithm, as such

%
ilnx:hllim (1—|—E) .
dx h—0 T

Now, note that

1
e’ = lir% (1+ ny)% which implies that ex = lim (1 + E) i
n—

n—0

Letting n = h, we see that

1
alnx =In (e%) =

Here, we used a variation of the third special limit from section 1.7. We will consider these limits
more in the next Chapter. Using this result and the log change of base formula, you should verify

d
that —1 = .
- 084(7) xIn(a)

1\"
We will now take the derivative of ¢*. To begin, remember that, from section 1.7, e = lim (1 + —> )
n—00 n

There is another common definition for the number e which is the one we will need for finding the
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derivative of e®. To find this formula, consider letting n = % Then, multiplying each side by ™,
we are left with m = % We now wish to substitute this into our limit, but, notice that if we were
to do so, there would no longer be an n in the problem, which is the variable that is involved in the
limit. To resolve this issue, notice from the equation m = % that as n — oo, m — 0. We now have
everything we need to make some replacements and get an alternate definition of the number e:

3=

n— 00 m—0

1 n
e= lim (1+—) = lim (1 +m)m.
n

We will now set this aside for a moment and utilize the limit definition of the derivative,

L e“h—e”_l_ ez(eh—l)_ﬂ, el —1
" s h T s h T h

We now proceed by making a substitution. Let m = e”—1. Then, solving for ¢”, we have e = m+1,
so, taking the natural logarithm of each side, h = In(m + 1). Then, since h is going to 0, we have
In(m + 1) — 0. The only way for this to be true is if m is also going to 0, since the only time
In(a) = 0 is when a = 1. If we now put m into our equation, we have

d m . 1 1

L lim — " e lim——— — " lim —————_.
dz” ~ ¢ mbo In(1+m) ‘ mlglﬂ)%ln(l—i-m) © mo0 ln[(l—l—m)i}

As in the last problem, since the limiting variable (m) is now entirely inside the natural log, we can
bring in the limit and say that

d 1

—e* =¢"

dz In lim(l—l—m)%] ‘

m—0

But we already showed that that limit is e, so we are left with

d x X 1 x
—e" =e =e".
dz In(e)
d x xT oy . 1 ( "AC)
Now, try to show that d—& = a”In(a). If you get stuck, try rewriting a® as e™*").
x

If some of these derivations were unclear, whether in this section or in one of the preceding sections
(product and quotient rules), that’s okay. What matters for now is that you understand how and
when to use these rules.

We will now summarize these results in the table below. Note that there are 6 more derivatives
written. These will be verified in Chapter 7.
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Function | Derivative Function Derivative
sin(x) cos(x) cos(x) — sin(x)
tan(z) sec?(x) cot(x) — csc?(x)
sec(x) | sec(x) tan(z) csc(x) | —esc(x) cot(x)

1 1
1 — 1
() : 8e) | o
e’ e’ a® a®In(a)
1 —1
sin~!(x —— cos (x ——
“ | = © A
@) | o @) | o
sec”H(x) | ———= csc(x —_—
lz| Va2 —1 |z| Va2 — 1
1 —1
-1 -1
tan~'(z) P cot™(x) 211

Table 2.1: A table of derivatives you should know. Note that sin~!(z) = arcsin(z), the inverse

of sine (similar for the other trig functions), not the reciprocal @, which will be denoted as

<sin(x)>1 or simply csc(z).

2.4.7 Implicit Differentiation

2.4.8 Logarithmic Differentiation
We’ve covered methods to differentiate almost every type of common function, but there are still a
couple of questions left open. How do we take the derivative of something like y = 2”7 How do we

know that —z" = na™'? This is our motivation for the method of logarithmic differentiation.

dz

In general, logarithmic differentiation is most useful whenever we want to differentiate something
of the form y = f(x)9®). If we take the natural log® of each side, we are left with

In(y) =
In(y) =

In [f(x)g(r)]
g(x) - In[f(z)].

5You could also use any other type of log, but the natural log is the “nicest” since it has the simplest derivative
of all the types of logs.
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Where we used the fact that In(a’) = bln(a) in the second line. From here, we now take the
derivative using the product rule and chain rule:

L) = 2 [ge) - 7]
LY = ) ol @)+l @) g @
P (o) )+l ) o o))
B = 10 (o) @)+ o)
L =L = paye (%mmxn -g'<x>>. 21)

Do not worry, this is not a formula you will ever be required to remember. If you can write down
the first step (taking the log of each side), you will be fine. After that, it is just product and chain
rules. This will be easier to see with an example.

Let y = 2®. Find /.

We begin by taking the natural log of each side. This leaves us with In(y) = In [xﬂ: zIn(z).
We now take the derivative,

d d

o In(y) = e [x ln(x)}
1dy 1
227 _ |
J T + In(x)
1dy
-— = 1+1
e + In(z)

dy

% - y(1+ In(z))

y’:j—i = xm<1+ln($)>.

And we have thus differentiated 2. You should verify that this result agrees with (2.1).

Let’s now return to the power rule, d—x” = na" . How do we know this works?
x

Proof. First, let’s start by letting y = ™. Then, we take the natural log of each side, yielding
In(y) = In(2")= nIn(z). Now, we differentiate:

d d d
—1 = —|nl =n—1
dx n(y) dx [n n(x)} "z n(x)
ldy _n
yde o
dy n n ., 1l
— = —y=-z"=nx
dx x x
And thus the power rule is true. n
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However, you may raise some concerns with this proof. We derived this using the logarithm, which
is only defined (in the real numbers) when the argument is greater than 0, and you’re exactly right.
However, this breakdown can be avoided for some powers n, specifically for integers n. If n is an
even number, then (—z)" = 2", and for n an odd number, we have (—x)" = —z". Since we will
now be differentiating 2" where x > 0 in either of these cases, our derivation holds. If n is some
other non-integer, this (generally) does not hold for # < 0. This makes sense, however. Functions
of the form =™ where n is not an integer are generally undefined in the real numbers for x < 0, but

n

there are some exceptions. Whenever n = = for integers p, g where ¢ is an odd number, x" is still

defined for = < 0, because (—z)"/* = (—=1)Yez'/* = —g'/* for odd a.

Logarithmic Differentiation is an extremely powerful tool. It isn’t just helpful for taking the deriva-
tive of f(2)9%), but can also be used to verify the product and quotient rules, or even to simplify
problems that would have been quite complex using the product/quotient rule. We will not use
logarithmic differentiation to verify the product or quotient rule since we have already verified each,
but, if you wish to do so, it is fairly straightforward. Instead, we will provide an example where
logarithmic differentiation can be used in place of other rules to simplify derivatives.

4 d
If y = < , fin Y
B3z —4)Va3 -7 dx
We can do this with only the product and quotient rules (and power and chain rules of course),

but it will be much easier using logarithmic differentiation instead. We begin as usual, taking the
natural log of each side. We then use properties of logs to simplify the right-hand side:

"0 = ()
In(y) = In(z*)—In ((3:15 — 4)m>

In(y) = 4ln(z) — (ln(3x - m( 3 7)) .

In(y) = 4In(z) —In(3z —4) — %ln(gg3 - 7).

We now take the derivative of each side using the chain rule:

d d 1 3
aln(y) = 7 {41n(m)—1n(3x—4)—§1n(x —7)}
Wy 4 3w
yde = 3z—-4 23-7)

dy 4 3 322
v y(5_3x—4_2(x3—7))
dy x? 4 3 322
de (<3x—4> x3—7) (E_3x—4‘2<x3—7>>‘

Which is much easier than what we would have had to do to differentiate using the quotient and
product rules.
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2.4.9 Piecewise Derivatives

2.5 Examples

2.6 Chapter 2 Summary and Exercises
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Derivative Applications
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Chapter 4

Integrals

4.1 What is an Integral?

There are two main types of integrals——definite integrals and indefinite integrals. This doesn’t
mean you have two new things to learn, however. When doing an integral, a definite integral is
done the same way as an indefinite integral, but you evaluate the output at two x and find the
difference between them, similar to evaluating a derivative at a given x. The definite integral is the
first type of integral we will discuss here. It is a measure of the net area between a curve and the
x-axis.

To better understand what this means, consider the function f(x) = sin(x). How much area is be-

™

tween this function and the z-axis on the interval [—m, w|? We write this question as / sin(z)dz.

Let’s break down what each part of this expression means. The symbol / is the integral. The

lower bound of the integral is —m, and let’s us know where our interval starts. The upper bound
of the integral is 7w, and lets us know where the interval over which we are trying to find the area
between the function and the x-axis ends. The dx at the end is very important and has quite a bit
of meaning. When dealing with definite integrals, it gpeciﬁes which axis we want to find the area

between the function with. For example, if we had 3 dy, that would mean we are trying to find

1
the area between the line x = 3 and the y-axis between the y values of 1 and 3. To give a better

™

idea of what / sin(x)dz is asking us, we present a picture with the area that we are trying to

-4 -2 2 4
05;

-1.0

—T

measure shaded in:

Figure 4.1: A plot of the curve f(z) = sin(z) with the area between f(x) and the z-axis shaded
when z is in the interval [—m, 7.
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4.2 Approximating Integrals

The definition of the definite integral is:

b n h—
/ f(z)dz = lim Z f(z;)Ax where Az = <
a i=1

n—00 £ n

This is called the Riemann Integral. Essentially, this just says that we can split up a region
into n rectangles and calculate the area of each rectangle by multiplying its height, f(z;), by its

width, ;a, which is the length of the interval we are integrating over divided by the number of
n

rectangles, then take the sum (which is what the symbol ) means) of all of these rectangles. As n
approaches infinity, we are adding up so many rectangles that the sum of all of these areas is equal
to the exact area under the curve f(x).

Of course, calculating integrals this way would be pretty difficult (although it can be done, in
fact, it’s how many calculators calculate definite integrals). That’s why mathematicians have come
up with ways to approximate the value of integrals. We will discuss 4 ways to approximate an
integral, and then discuss ways to get the exact values.

4.2.1 Left and Right Rectangular Approximation Methods

The Left Rectangular Approximation Method (LRAM) and Right Rectangular Approximation
Method (RRAM) are the two methods of approximation we will discuss first. LRAM and RRAM
are also known as Left Riemann Sum and Right Riemann Sum, respectively. Before we define either,
we will visually show examples of each.

15 <

Figure 4.2: Graphs of 22 and sin(z) + 0.5 with their Left Riemann Sum shown from 0 to 2 with 10
rectangles and — to 7 with 15 rectangles, respectively.
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Figure 4.3: Graphs of 22 and sin(z) + 0.5 with their Right Riemann Sum shown from 0 to 2 with
10 rectangles and —7 to m with 15 rectangles, respectively.

As you can see, each method involves a set number of rectangles with a uniform width. The only
thing that varies is the height, which is determined by the function value. In the Left Riemann
Sum, the height is determined by the function value at the leftmost point in each rectangle. This
causes a certain amount of error. For LRAM, when a function is positive and increasing, as seen
in the graphs above, the area measured by the LRAM method will be an under-approximation.
When the is negative and decreasing, it will also be an under-approximation. When the function is
positive and decreasing or when it is negative and increasing, LRAM over-estimates the area. This
is easiest to recall not by sheer memorization, but by drawing out a sample curve with a couple of
LRAM rectangles shown and determining if LRAM over or under approximates in a given instance.

Similarly to LRAM, the Right Riemann Sum consists of rectangles; however, the height of each
rectangle is determined by its rightmost x value. As you can see from the above graphs, when a
function is increasing and positive or decreasing and negative, RRAM overestimates the area under
a curve. When the function is positive and decreasing or negative and increasing, RRAM underes-
timates the area under a curve.

From the images above, you can probably see that these methods introduce quite a bit of error.
Thus, a natural question arises: How can we minimize this area?” Let’s take a moment to remember
how we defined the derivative. We said that for some differentiable function f(x),

The reason this limit naturally appears in this formula is that to get the slope at a specific point,
we must make the distance between two points, h, 0. This is a similar idea to what we would like
to do here. If we make each rectangle infinitely thin while also ensuring that we have an infinite
number of them in a given interval, then the sum of the area of all of our rectangles will tell us
exactly the area under a curve. Before we can do so, let us explain a bit more about Riemann Sums.
If you look at either graph of 2% shown above, you will count 10 rectangles split along a distance
of 2 units. Thus, the width of each rectangle is 1% = 0.2 units, which you can confirm if you look
closely at either graph. For the plots of sine, you count 15 rectangles. The domain of each plot of
sine is [—m, 7], so the total distance from one endpoint to the other is 7 — (—m) = 2. This means
that the width of each rectangle is ?—’g ~ 0.418879. From here we define a Riemann Sum.
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Riemann Sum

For a continuous function f(x), the net area between f(z) and the z-axis on an interval [a, b]
can be approximated with n rectangles as

Z f(z:) Az,

h—
Where Ax is the width of each rectangle, Ax = =

n

If we want this width to be minimized, we need our number of rectangles, n, to grow drastically,
n — oo. This is where the definition of the Riemann Integral given at the beginning of this
section comes from.

Riemann Integral

For a continuous function f(x), the net area between f(x) and the z-axis on an interval [a, b]
is

/ f(z)dz = lim Zf(xz)Ax

n—00 £

h—
Where Az is the width of each rectangle, Ax = =

n

We will now perform some examples using Left and Right Rectangular Approximation Methods.

Consider the function f(z) = z?. Estimate the area between the z-axis and f(x) over the in-
terval [4,20] using LRAM with 4 rectangles.

We begin by determining the width of each rectangle. The right end-point of our interval is 20, and
the left end-point is 4. We have 4 rectangles, so the width of each rectangle is

b—a 20-—4
n 4

Since this is a Left Riemann Sum, we will use the leftmost point in each rectangle to determine our
function value. This means our points will be z = 4,8,12,16. Finding the areas of each rectangle
and taking the sum:

Ao f(4)+4- f(8)+4- f(12) +4- f(16) = 2496.

This is an under-approvimation because z? is both positive and increasing on the interval [4,20]. A
graphical depiction is below.
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Figure 4.4: The Left Riemann Sum of the function f(z) = z? from 4 to 20.

Let’s now repeat this problem with a Right Riemann Sum with 4 rectangles on the same interval
to see how our answer differs. We expect a much higher number since 22 is positive and increasing
on the interval [4,20], which will cause an over-approximation by RRAM. Since this is a Right
Riemann Sum, we use the right endpoints of each rectangle: x = 8,12,16,20. Finding the areas of

each rectangle and taking the sum:

4. f(8) +4- f(12) +4- f(16) +4 - f(20) = 3456.

Much higher than LRAM, as expected. Note that the actual amount of area underneath 22 on the
interval [4, 20] is 2645.333. .., so LRAM served as a much better approximation in this scenario. A

I —
5

N
15

plot of the Right Riemann Sum is included below.

400

300

200+
100

1

Figure 4.5: The Right Riemann Sum of the function f(z) = z? from 4 to 20.
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We now present a second example, this time with a different format.

151225

/()

o | 8] 13

21

Table 4.1: A table of z and f(x) values for a unknown function.

Information: This function is positive and increasing on the interval [0, 3].

Questions:
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3
. Using a Left Riemann Sum and 3 rectangles of equal width, approximate / f(z)dx. Is this an
0

over or under-approximation?

3
. Using a Right Riemann Sum and 6 rectangles of equal width, approximate / f(z)dx. Is this
0

an over or underestimation?

Answers:

A. First, we must decide how to create our intervals. Since we want these intervals to be of equal

length (meaning the rectangles have equal width), the only option is defining our rectangles as
having width 1, with the first rectangle running from 0 to 1, the second from 1 to 2, and the
third from 2 to 3. Now, we have to calculate the area of our 3 rectangles. For the rectangle
from 0 to 1, since this is a Left Riemann Sum, we use f(0) as our rectangle height. Similarly,
for the rectangle running from 1 to 2, we use f(1), and, for the rectangle running from 2 to 3,
we use f(2). Since the width of our rectangles is 1, their areas are just their function values
(since 1- f(a) = f(a). Then:

Estimation = f(0) 4+ f(1) + f(2) = 12.

This is an underestimate because this is a Left Riemann Sum and the function is both positive
and increasing.

. For this second problem, we proceed similarly. To make 6 rectangles of equal length, we only
b— 3—-0
have one option for the width of each rectangle: ¢ _ = 0.5. So, the width of each

n
rectangle (and length of each interval) must be 0.5. Then, our rectangles are defined from 0 to
0.5, 0.5 to 1, 1 to 1.5, 1.5 to 2, 2 to 2.5, and 2.5 to 3. Since this is a Right Riemann Sum, we
use the right point of each interval to determine the height of our rectangles:

Estimation = O.5<f(0.5) + (1) + f(1.5) + f(2) + f(2.5) + f(3)>: 0.5 - 52 = 26.

This is an overestimate because this is a Right Riemann Sum and the function is both positive
and increasing.

4.2.2 Midpoint Rectangular Approximation Method

The Midpoint Rectangular Approximation Method (MRAM), or Midpoint Riemann Sum, is sim-
ilar to LRAM and RRAM. As you may have guessed, instead, this method uses the midpoint of
each interval to determine the height of each rectangle. This (usually) results in a more accurate
approximation of area. Below are plots of MRAM for a quadratic and a sine curve, with 10 and 15
rectangles, respectively. The area under the quadratic is approximated on the interval [0, 2], and
the sine curve [—m, 7.
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Figure 4.6: Graphs of #? and sin(x) + 0.5 with their Midpoint Riemann Sum shown from 0 to 2
with 10 rectangles and —7 to m with 15 rectangles, respectively.

Note that both of these estimations look much more reasonable than either of the LRAM or
RRAM equivalents given at he beginning of section 4.2.1. We will now continue with our examples
from the previous section.

Consider the function f(z) = z?. Estimate the area between the x-axis and f(z) over the in-
terval [4,20] using MRAM with 4 rectangles.

Again, the width of each rectangle will be bjT“ = = 4. So our intervals will be of length
4. This gives us rectangles from 4 to 8, 8 to 12, 12 to 16, and 16 to 20. Because we are doing a
Midpoint Riemann Sum, our f(x;) is determined by the x value in the middle of each rectangle
interval. This yields 4%8 = 0, % = 10, 12;—16 = 14, 16;220 = 18. Now, calculating the area of each
rectangle and taking the sum:

20—4
4

1+ (J(6) + £(10) + F(14) + £(18)) = 2624

This estimate is very close to the actual value of 2645.333.. ., so this was a very good choice of
approximation method for this problem. Let’s now continue with our table problem.

r (0105115225 3

fl@)y|1] 23] 5 |8|13]21

Table 4.2: A repeat of Table 4.1 - a table of x and f(z) values for a unknown function.

Information: f(z) is positive, increasing, and concave up on the interval [0, 3].
Question:

3
C. Using a Midpoint Riemann Sum and 3 rectangles of equal width, approximate / f(z)dx.
0

Answer:

C. First we must determine the length of each interval. Since our upper bound is 3, our lower bound
is 0, and we are using 3 rectangles, the length of each interval (or width of each rectangle) is
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4.2. APPROXIMATING INTEGRALS

220 = 1. This means our intervals for each rectangle will be 0 to 1, 1 to 2, and 2 to 3. The

midpoint of each rectangle is 0.5, 1.5, and 2.5, respectively. Using this, we calculate the area of
each rectangle and take the sum:

1 (f(o.5> 4 F(L5) + f(2.5)): 20.

Is this an over or under-approximation? To determine this, we will take a look at a few extreme
examples.

6000 -
5000 -
4000
3000
2000

1000 - /
| | |

e | |
05 1.0 15 20 25 3.0

Figure 4.7: A graph of the area under f(z) = x® approximated by MRAM with 3 rectangles on the
interval [0, 3].

In this graph where function is positive, increasing, and concave up, it is clear that MRAM under-
estimates the value of the function. Is this true in general? Yes, it is. To understand this a bit
more intuitively, think about what it means for a function be concave up. This means that the
second derivative is positive, which in turn means the first derivative is increasing (so the function
is increasing at a faster and faster rate). Because of this, the area above the second half of each
rectangle (and below the curve) will be greater than the area above the curve and inside the rect-
angle to the left of the midpoint.

As an additional way of thinking about why concavity plays a role in this, think about a lin-
ear function. Take for example y = 3x. Shown below is the Midpoint Riemann Sum for this
function over the interval [0, 5] with one rectangle.

Figure 4.8: Midpoint Riemann Sum for y = 3z on the interval [0, 5] with 1 rectangle.

Note that the function y = 3z has no concavity because y” = 0. This suggests that MRAM neither
over nor underestimates the area under this curve. By looking at the graph, this does in fact
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appear to be true, but we should verify with geometry. First, let’s find the area of the rectangle.
Our interval is [0, 5] and we have one rectangle, so this rectangle’s width must be 5. The midpoint
is 222 = 2.5. Then the area of the rectangle must be 5-(3-2.5) = 37.5. As for the area under y = 3z
on the interval [0, 5], notice this is a triangle with base 5 and height 3 -5 = 15. Then, the area of
this triangle is %5 - 15 = 37.5, so MRAM neither over nor under-approximated the area under this
curve. This means that the area of the part of the MRAM rectangle above the line y = 3x must
be equal to the area under y = 3z and above the MRAM rectangle on this interval. If we instead
let the slope increase slightly after this midpoint, as illustrated in the next picture, then the area
under the curve will increase but MRAM will still estimate a total area of 37.5.

30

20

I I |
1 2 3 4 5

Figure 4.9: Midpoint Riemann Sum for f(x) =

3 <25
{ X r= on the interval [0,5] with 1

10z =175 x> 25
rectangle.

From this, we can extrapolate that (for a positive function) if the slope of the function is larger
after the midpoint than before (an effect of f”(z) > 0), then MRAM will underestimate
the area. If the function is positive and concave down, MRAM will overestimate the area. If
the function is negative and concave up, MRAM will overestimate the area, and if the function is
negative and concave down, MRAM will underestimate the area.

Now, returning to our question as to whether we under or over-approximated the area in part
C. of our table question, since the function was positive and concave up (this was given in the
information for the question) on the interval we approximated, MRAM underestimated the area

under f(z).

4.2.3 Trapezoid Rule

The Trapezoid Rule is the final method of numerical approximation we will discuss. As you may
have guessed from the name, this method will involve the use of trapezoids, and so it is quite
different from the 3 other methods we have discussed up to this point. However, the idea is still
very similar. As with the previous 3 methods, we will begin by showing a visual example for the
functions f(x) = 22 and f(z) = sin(x) + 0.5:
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4.2. APPROXIMATING INTEGRALS

Figure 4.10: Graphs of 2% and sin(z) + 0.5 with their Trapezoidal Riemann Sum shown from 0 to
2 with 10 trapezoids and —m to m with 15 trapezoids, respectively.

From the figures, it appears that the Trapezoid Rule is the most exact of the 4 rules (and that it is
nearly perfect), however, MRAM is (typically) the best method for approximation.

Before we discuss more about the Trapezoid Rule, we will review how to find the area of a trapezoid.
We begin with a generic trapezoid,

b

Figure 4.11: A right trapezoid with major base b, minor base a, height d along the side of the
trapezoid with the right angles, and length ¢ fourth side. A dashed line cuts the trapezoid into a
rectangle and a triangle.

To find the area of this trapezoid, we will split this into two shapes—a rectangle with width
a and height d and a triangle with width b — a and height d. The “slice” is shown in the picture
above, represented by a dashed line. These are two shapes we easily know how to find the area of.
We will depict the area of the trapezoid as Ay, area of the triangle as A;,;, and the area of the
rectangle as A,... Since the trapezoid is split into these two shapes,

Atrap = Atm’ + Arect-

The area of the rectangle is A,..; = ad and the area of the triangle is A;,; = %(b —a)d. Then,

1
Apap = ad+ §(b —a)d

d
= 5(2a+b—a)

a+b
2

One can also derive this formula by thinking of the trapezoid as a distorted rectangle. Simply take

the average of the major and minor base (QTH’) to find the equivalent length of the rectangle, then

multiply by the height, d. Now we turn this trapezoid on its side:

d.

Atrap
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d

Figure 4.12: A right trapezoid with width d, left height a, and right height b.

This is exactly what the trapezoids we will make in doing the trapezoid rule will look like (reference

Figure 4.10). To find the heights a and b, note that these are just the heights of the function at the

endpoints of the interval. So, if our trapezoid interval is [0, 3], our trapezoid area formula would be

fO)+f(3)
2

sections.

(3). Let’s now use the trapezoid rule to continue with our examples from the preceding

Consider the function f(z) = z?. Estimate the area between the x-axis and f(z) over the in-
terval [4,20] using the Trapezoid Rule with 4 trapezoids.

As usual, we begin by determining the length of each interval. In this case, the interval lengths will
represent the width of the trapezoids, not the width of rectangles. Since we want 4 trapezoids of
equal length and our interval is [4, 20], the width of each trapezoid is % = 4. This yields trapezoid
intervals of [4,8],(8,12], [12,16] and [16,20]. Then, factoring out the 5 and the width, 4, from each
expression for area of a trapezoid, we have

1

43 (f(4) + F(8) + F(8) + F(12) + f(12) + f(16) + F(16) + f(zo)): 2688.

An excellent approximation, albeit slightly worse than that of MRAM. We now consider our second
table example with the Trapezoid rule.

x |0]05 1|15 2|25 3

f)y[1] 2 3] 5 8|13 |21

Table 4.3: A repeat of Table 4.1 - a table of x and f(x) values for a unknown function.

Information: f(z) is positive, increasing, and concave up on the interval [0, 3].
Question:

3
D. Using the Trapezoid Rule and 2 trapezoids of equal width, approximate / f(x)dz.
0
Answer:
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D. Since we will be using two trapezoids of equal width, our interval length will be 1.5, making our
intervals [0, 1.5] and [1.5, 3]. Then, the total approximation for the area between the curve and
the z-axis is the sum of the areas of the trapezoids defined by these intervals,

f(0) + f(1.5) f(1.5) + f(3)

2 (15) + >

(1.5) = 24.

Is this an over or underestimation? It is much easier to tell intuitively whether or not the Trapezoid
Rule will overestimate when compared to the Midpoint Riemann Sum. Take a look at the following
plots of the sin(z) with a Trapezoid Rule with 4 trapezoids and z3 with a Trapezoid Rule with 2
trapezoids.

T - I, VIR L L L L L L
1 2 3 -1.5 -1. -0.5 r 0.5 1.0 15
-2+

Figure 4.13: A plot of the function f(z) = sin(z) with the area between —m and 7 approximated
using a Trapezoid Rule with 4 trapezoids of equal width. On the right is a plot of the function
f(z) = x* with the area between —1.5 and 1.5 approximated using a Trapezoid Rule with 2
trapezoids of equal width.

In this instance, it so happened that each trapezoid turned out to be a triangle because each
trapezoid had one endpoint that lay on the z-axis. However, that does not affect our analysis of
the approximation. From the first graph, we deduce that the Trapezoid Rule underestimates
whenever the function is concave down and positive or concave up and negative. From
the second graph, we notice that whenever a function is negative and concave down or
positive and concave up, the Trapezoid Rule will overestimate the area.

We can now return to our question about part D. of the table problem, and we deduce that,
because the function is positive and concave up on the interval [0, 3], the Trapezoid Rule provided
an over-approximation for the area between the curve and the x-axis. Since the Midpoint Riemann
Sum underestimated 20 and the Trapezoid Rule overestimated 24, the true area under this curve is
between 20 and 24.

4.2.4 Net vs. Total Area with Geometry and Symmetry

We now must make an important distinction. Up until now, we have thrown around the phrases
net area and total area. We will now define each and give some examples using geometry.

To find net area, we treat area under the z-axis as “negative” area. This can be understood
more easily with an example.
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Find the net area between the z-axis as the curve 2% + y? = 3.
Recall that an equation of the form 22 + y? = 72 is a circle of radius r centered at the origin.
Thus the equation above is a circle of radius 3 centered at the origin. A graph is included below.

Figure 4.14: A circle of radius 3 centered at the origin.

Remember, we want to treat all area below the z-axis as negative, and all that above as positive.
Since half the circle is plotted beneath the z-axis and half above, the net area will be 0. We can
verify this mathematically using the formula for the area of a semicircle (half the area of a circle).
Doing so for the positive area,

1 97
—7m(3)* = —.
™8 =3
For the area beneath the z-axis, we have
1 O
——7(3)* = —=.
7™ 3) 2
To find the net area, we take the sum,
97  —9m
— 4+ —=0.
2 + 2

And thus the net area between the curve and the z-axis is 0. We now present a second example.
Find the net area between the function y = z and the z-axis on the interval [—1,2]. Below is
a graphical depiction of this with the positive area shown in blue and the negative area shown in

red.
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Figure 4.15: A graph of y = x on the interval [—1, 2] with negative area shown in red and positive
area shown in blue.

To find the net area, we must subtract the area under the x-axis from that above. That is, we must
calculate blue area — red area. Let’s calculate each area For the red area, we have a triangle with
height 1 and base 1. This means the area is 5 - 1-1 = 5. For the blue triangle, the base is 2 and
the height is also 2. This means the area of the blue tr1angle is % -2 -2 = 2. Then, subtracting the
red area from the blue area, we have that the net area between the function y = = over the interval
[-1,2]is2— % =15.

We now move to a discussion of total area. The total area between a curve and the z-axis can
be found by treating all area as positive. So, in our previous example with a circle, the total area is
the sum of the area above and below the z-axis without treating any of it as negative. Doing this

yields

97 9 9
7 + 7 = JT.
This makes sense because the only area between the circle and the x-axis is the area of the circle
itself, which is given by 7r?: 7(3)? = 9. As for our second example, now we simply add the red
and blue areas instead of subtracting one from the other. Doing so, we get 2+ % = 2.5. So the total
area beneath the function y = x and the z-axis is 2.5.

4.3 Properties of Integrals

Here, we will list a few properties of integrals with explanations. These will become more clear in
the coming sections as we use them to evaluate integrals, but it is necessary that we list them first
so that we can use them.

3 /abf(x) dm+/bcf(a:)dx:/acf(:)s) dz

While this may look complicated, it really isn’t when we break it down. Remember that
b

the integral / f(x) dz measures the area between the function f(z) and the z-axis over the

interval [a, b] and that / f(z) de measures the area between the function f(x) and the z-axis

over the interval [b, c|. It stands to reason then, that the area between f(x) and the x-axis on
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the interval [a, ¢] would just be the sum of these two areas, which is what this rule says. This
rule can be used similarly in reverse. For example, since 0 < 3 < 5,

5 3 5
/ 22dx :/ xde—F/ 22dx.
0 0 3

2. /f(x)—l—g(x) dx:/f(x) dx—i—/g(x) ds.

Here, we displayed the integrals without any bounds. We will discuss what this means in
Section 4.5. However, this same rule applies with bounds:

/abf(:c) +g(z) doz = /abf(x) dx—i—/abg(x) dz.

This may seem difficult, but it is actually the exact same property as we are used to with
derivatives:

@) + o)) = S5 + 2o

Basically, this rule just says that to integrate a function with multiple terms, you can integrate
each term separately then add them back together again, just as we did with derivatives. This
makes sense in terms of area. Consider the function y = x 4+ 1. The graph of this function

from 0 to 3 is shown below.

Figure 4.16: A graph of the function y = x + 1 with the triangular area shaded in blue and
rectangular area shaded in red.

As you can see, the area beneath this curve can be split into a rectangle and a triangle. The
rectangle is a result of the +1 term and the triangle is a result of the x term. This suggests
that we can split up the integrals to find these areas, and this is indeed true for the sum of
any two functions.

3, /abf(x) dz — —/baf(x) du.

This rule will make more sense in the coming sections once we have the tools to do some
examples, but, for now, you can think of this rule as helping us define a interval [b, a] where
b > a. Since it doesn’t make sense to start our interval at the larger number, this rule tells us
that instead we can swap the bounds and make the answer negative. This can be compared
to derivatives in the following way. Consider the function y = 3x + 4, v’ = 3. The derivative
tells us that for every 1 unit increase (moving from smaller to larger) in z, we have a 3 unit
change in y. If  moves from a larger value to a smaller value, then for each 1 unit change in
x, there will be a —3 unit change in y.
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4. /aaf(x) dz =

To understand this rule, remember that the integral from a to b measures the area between the
r-axis and a given function by multiplying each function value by =% as n — oo. However,
if our interval is from a to a, this width of each rectangle will be “=¢ = 0, so our integral will
simply give us the function value at a (the height of the rectangle) multiplied by 0 (the width

of the rectangle), giving us that / f(x)dz =0.

5. /a-f(x)dx:a/f(x)dx

Again, this rule was presented without any bounds, but works if there are bounds on the
c
integral as well. To think about this intuitively, consider a - f(zr) dx. The area under

a - f(z) over the interval [b,c| is the same as the between thlé function f(x) and the x-axis
multiplied by a. This is because the constant term just multiplies each function value that we
are adding by 3, and we can instead factor this out of each term and multiply it at the end.
In Riemann Integral definition notation, this is

i 3o o) = - Jin 3 Sir)e

The rest of this chapter will consist of examples using these properties and defining and using other
integration methods.

4.4 The Fundamental Theorem of Calculus

As you can no doubt tell from the name, the Fundamental Theorem of Calculus (FTC) is extremely
important to the study of Calculus. There are two important parts of this theorem, often referred to
as FTC 1 and FTC 2. The first part of the Fundamental Theorem of Calculus relates differentiation
to integration. It establishes that integration and differentiation are inverses of one another. We
now present the definition.

Fundamental Theorem of Calculus (1)

Let f(z) be a continuous function on the interval [a,b]. Then, let F'(x) be a function defined

such that N
_ / F()dt

Then, F(x) is continuous on [a, b, differentiable on (a,b), and F'(x) = f(x). A direct result

of this theorem is that 4 re
o [ 10 a=rw.

We have presented the definition of FTC 1 as it is typically stated, but it can be a little bit
misleading. If the upper bound is something other than the variable you are differentiating with
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d [~
respect to, for example, I / f(t) dt, you must use the chain rule. In this instance,
x

% /:2 f(t) dt = f(xQ)%[ﬂ: 2a - f(2?).

So, the FTC 1 can be rewritten as:

9(z)
R OE) (1.1

This will be easier to understand with a problem. Consider the function h(z) such that h(z) =

/3 " St Find (9

Let’s start by comparing this to equation (4.1). In this problem, g(x) = sin(z) and f(t) = 3.
We know that our expression for the derivative of h(z), h'(x) will involve ¢’(x), so we compute that

d
now. By Table 2.1, e sin(x) = cos(x), so ¢'(x) = cos(x). This gives us that
T

sin(z)
h'(x) = ih(:z:) = % i t3dt = (sin(:z:))gcos(m).

s T
We now simply must evaluate this at z = 7. From the unit circle, Figure 1, sin (Z) = cos (Z) =

2
i. Plugging this in,

2
(7 Y (V2 V2 V2 V2
h<Z>:<Sm<Z>) COS<Z>:<22) ' 22: 42' 22:2

In(z)?

Let’s take a look at a second example. Consider the function F(x) = / 3t dt. Find an ex-
— tan(z)

pression for F'(x).

We begin by using our second property of integrals from Section 4.3 and split this integral into
two so that each integral only has one variable bound. We can choose any constant to be between
these two bounds, since, according to the definition of FTC 1, if the lower bound is any number a,
we can use the theorem. So, we split up our integral for F'(x) into two separate integrals:

In(z)? a In(z)?
F(z) :/ 3t dt :/ 3t dt+/ 3t dt.
— tan(z) tan(z) a

Now, notice that the left integral has a lower bound with a variable and an upper bound of a
constant. Because the FTC 1 says the upper bound must contain the function, we use property 3
of integrals and flip the bounds, making our integral negative:

a — tan(z)
/ 3tdt =— / 3t dt.
— tan(z) a
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We can now take the derivative of each side to find F'(z):

d d — tan(z) In(z)?
Bl - ==
TF@) = /a 3t dt + /a 3t dt

d — tan(z)

Flz) = —— 3t dt + / 1n(m)23t dt
- dx J, dz J, '

We now apply the fundamental theorem of calculus, remembering to apply the chain rule. Since

d [— tan(x)] = —sec?(z) and d [ln(m)ﬂ = QIHT(:E), we have

dx a1z
o~ Sl s 200
F'(z) = —3tan(z)sec’(z) + Glnx(a:) .

We now move on to part 2 of the Fundamental Theorem of Calculus. Its statement is as follows.

Fundamental Theorem of Calculus (2)

Let f(x) be a continuous function on the interval [a,b] and let F'(x) be a function such that
F'(z) = f(z). Then,
b

— F(b) - F(a).

a

[ 1= r@

This definition is truly fundamental in the use of integrals as it actually allows us to begin evaluating
integrals, as we will do in the coming sections. With this theorem now defined, we can actually
use it to verify some of our previous claims about integrals, which will help to give you a better
understanding of how this theorem is used and how some of the properties of integrals agree with
this theorem. Consider the two following integrals,

A / ' o) da.

B. / f(z) dx.
b
First, let’s evaluate each using the FTC 2. Let F(x) be a function with derivative f(x). Then,
b
A / () dz = F(b) — Fla).

B. /b " f(e) de = F(a) — F(8) = —(F(b) - F(a)).

This verifies property 3 of integrals. We can also use this to easily verify properties 1, 4, and 5, as
we will do now.
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c

Consider the sum of integrals / f(x) dz + / f(z) dz. Let F(z) be a function satisfying
F'(z) = f(x). Then, by part 2 of the Fundamental Theorem of Calculus, we have that

/ fx)de = F(b) - F(a)

/bcf(;r) de = F(c)— F(b).

Taking the sum, we have F'(b) — F'(a)+ F(c)— F(b) = F(c¢)—F(a) = / f(z) dx, verifying property

1 of integrals.

To verify property 4, consider the integral / f(z) dx and let F'(x) = f(x). Then, / f(z) dax =
F(a) — F(a) = 0, verifying property 4. ’ ’

To verify property 5, consider the function F'(z) such that F'(x) = f(z). Then by the properties of

derivatives, %[a-F(w)]: a- f'(z). Then, /b a-f(x)de=a-F(c)—a-F(b) = a(F(c) —F(b))z

a / f(z) dz, which verifies property 5 of integration.
b

9(z)
We can even use this to verify FTC 1. Let F'(x) = f(z). Now, consider the integral / f(t) dt.

By FTC 2, this integral is F/(g(z)) — F'(a). Note F(a) is some number, so its derivative is 0. This
means that, by the chain rule and the fact that F'(z) = f(z),

=[Pt - F@)] = 5 [Floen] = o) () = fla(a))g @)

This is exactly as stated in the definition of part 1 of the Fundamental Theorem of Calculus. Let’s
try an example.

Find the area under one (completely positive) half-cycle of sin(z).

First, let’s find the bounds for this interval. We must start by remembering that sin(z) com-
pletes one full cycle every x increases by 2. Since we want the interval to find the area under one
completely positive interval, the interval must start at some integer multiple of 27 (anywhere where
a new period starts: ..., —2m, 0,27, 47, ...). Naturally, we will choose 0, as this is the simplest
value to work with. Thus, we set up our integral as

/07r sin(x) dz.

We want to find a function whose derivative is sin(z). What function do we know that satisfies a

similar property? We know that e cos(x) = —sin(x). If we multiply each side here by —1, we
T
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d .
have e [— cos(x)} = sin(z). Thus,

/07T sin(z) de = —cos(z)| = —cos(m) — (—cos(0)) =1+ 1=2.

And thus the area under one half cycle of a sine wave is 2. We will present more concrete examples
using this theorem in the coming sections.

4.5 Indefinite Integrals and the Constant of Integration

Before we specifically define the indefinite integral, we will first talk about the “antiderivative,”
the inverse of the derivative. The goal of the antiderivative is, given a function f(z), to find a
function F(z) such that F'(x) = f(z). Before we define any methods for integration, we are

still able to integrate some basic functions. Take for example f(z) = 2z. The question / 2z dx

says “Give me a function whose derivative is 2x.” As you may recall from Chapter 2, we excessively
found a function whose derivative was 2x. That function was y = 2, so 22 is an antiderivative of 2z.

Another example is / cos(x) dz. This asks us to find a function whose derivative is cos(z). From

Table 2.1, we of course know that a function satisfying this equation is sin(x).

You may have noticed in the paragraph above that we spoke very loosely when saying that a
function was the antiderivative of another, saying things like “an antiderivative” or “a function.”
This is because there are infinitely many solutions to these problems. Take again the example

22 dor. We already said that an answer to this problem is 22 since d—x2 = 2z. However, consider
x

y =224 1. Then 3y = 2z, and thus 22 4 1 is also an answer to this integral. In fact, since 22 plus
any constant term will have the same derivative (the derivative of a constant is 0), the answer to the

integral / 22 dx is 22 4 C where C is some constant number. We call C the Constant of Integration

since it is the constant that results from an integration of a function. This is the distinction between
antiderivatives and indefinite integrals that is often overlooked. The Indefinite Integral tells us all
of the possible antiderivatives of a function, while the antiderivative tells us one specific function.
Whenever you are asked to integrate a function (and there are not bounds on the integral), you
should include the + C' so that your solution encompasses all possible solutions. It is natural to ask
now, why don’t we care about this constant of integration when there are bounds on the integral?
This is because if we have some function, f(z), and integrate it to find its antiderivative, F'(x) + C,
and now want to find the area under the curve f(x) on the interval [a, b] we will plug in a and b for
x in our expression of the antiderivative and find the difference (this is the fundamental theorem of
calculus). Since C represents a constant for one function only, C' — C' = 0. Knowing this, when we
evaluate our expression to find the area under f(z) from a to b, we see that:

Fb)+C—(F(a)+C)=F((b)+C—F(a)—C = F(b) — F(a),
exactly as the fundamental theorem of calculus says. We will now get into some concrete examples.
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4.6 Basic Methods for Integration

In this section, we will derive some basic methods for integration, use the properties of the integral
outlined in Sections 4.3 and 4.4.

4.6.1 Reverse Power Rule

Just as with derivatives, we have a general method to integrate any power function, that is, anything
of the form 2™ where n is some number. We begin with the definition.

The Power Rule for Integration

Where C' is some arbitrary constant.

We will now show that this statement is true.

Proof. Consider the polynomial z*. Then, by the power rule for differentiation,

— % = ax® L

dx
Integrating both sides with respect to x,

d
/—xa dzx = /ax“_l dz.
dx
Since integration is the inverse of differentiation,
*+C = /ax“_l dz.

Where (] is some arbitrary constant. Now, we divide each side by a. Since C} is an arbitrary
number, & will be some other arbitrary number, C'.

x—-l—C’:/:v“_l dz.
a

Now, let n = a — 1. Then, adding 1 to each side, n +1 = a. We now substitute this into the
equation above,

xn—i—l
C= " dx. 4.2
] + / " dx (4.2)
Which is exactly what we wanted to show. O]

Let’s do an example. By geometry, we know that the area between the function f(z) = 2z and
the z-axis over the interval [0, 3] is $bh = $(3)(6) = 9. We will confirm this using integration to find
the area under the curve f(x) = 2z. First, we set up the integral:

3
/ 2z dzx.
0
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3
Using property 5 of integrals, we can rewrite this as 2 [ x dz. Notice that this is of the form x"

0
with n = 1. Then, using our formula of the power rule for integration and FTC 2,

3
3 132 32 02

So calculus agrees with geometry. Let’s try a harder example.

1 2
Consider the function f(z) = 622 — YA 3722”1, Evaluate /f(:v) dz. A lot is
T T

going on with this problem, but if we break it down, it will become much less intimidating. First,
we remember that the integral of a sum of functions is the sum of the integrals of the functions
(this is a restatement of the second property of integrals). Then, we pull the coefficients out of each
integral (property 5 of integrals) and rewrite the terms using properties of exponents. This gives
us the following problem instead.

_1 _2 ,

1 _
= 6/x2dx—§/x32 dw—2/x_3dx—37r2/x3”2_1da:.

Now, we consider each integral separately. For / z? dz, we simply add 1 to the exponent then

divide by the new exponent and we have our integral (not forgetting the + C| of course):

, 22+ ;
6 dr =06 + Cy =2x° + C.
/ T ar 211 1 z 1
Where (] is some arbitrary constant. Taking a look at our next integral, we simply add one to the

power (%) and divide by this new exponent:

1 [ 1 [ g3t 123 f ,
—— [zF de=—5 | +Cy=—c7 +Cy=—a5+Co ==+ (s
3 —3+1 33

Where () is some arbitrary constant. We proceed in the same way for our third integral, adding
one to the exponent and dividing by this new power, remembering to add the arbitrary constant

on to the end.
5 2 1
-2 [z 7de=-2—+C3=—+Cs.
—9 22
Again, (3 represents an arbitrary constant, not necessarily the same as C; or C5. We proceed in
the same fashion for the fourth integral. Since (372 — 1) + 1 = 372,

—3r? /x3”2_1 dg = —2%™ + C4.
Where () is again an arbitrary constant. We then take the sum of these four separate answers.

Since C, Cy, C3, Cy are arbitrary, their sum is also arbitrary, C; 4+ Cy 4+ C3 + Cy = C. With this,
we have that

/f(x)dszxs—\?/E—l—%—x%Q—i-C.
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We can confirm this by taking the derivative. We split this up into two derivatives:

d 3 1 372 d 3 1 321 d d 3 1 372
5233—\3/54-?—56 +C}:£[2x—\?’/§+ﬁ—x ]—F&[C]:a 293—%—1—;—3: .

We differentiated this in Section 2.4.2 and got f(z), so we are assured our answer is correct. It is a
good idea, especially while integration is new to you, to take derivatives of your integrals to ensure
you get the same function back.

The Exception

This rule is pretty unstoppable, but, unlike with the power rule for derivatives, there is one type of
function for which it falls apart. While we have already seen that it works just fine for something

1 1
like / — da, but this isn’t true for a very similar integral, / — dz. Let’s assume that this power
x x

rule works for this function, apply it, and see what happens. Rewriting %,

1
/—dx:/x_ldx.
T

n+1
So far, so good. Remember our general formula, / " dr =

+C. Here,n=—1,son+1=0.
n -+

1 0
/—dx:/a:_ld$:x—~l—0.
T 0

Something must be wrong here since we have a 0 in the denominator, which we know cannot happen
without the help of limits (we cannot divide by 0). So what is the integral of < then if we can’t
use the power rule? Well, remember that the integral is the opposite of the derivative and that the
derivative of the natural logarithm is % So,

Then, if the power rule holds,

d
a ln(x) =

/%ln(x) dez =

In(z) = / % da. (4.3)

K| =
o,
&

\Hl}—t

Right? Almost. This is the right spirit, but this is not quite right. Note that for a function f, its
1

antiderivative, F', must be continuous everywhere f is continuous. The function - is continuous

everywhere except at 0. How can we make this true for the natural logarithm? To do this, we can
1

simply take the absolute value of z, giving / — dx = In|z| + C. Since In |z| is simply the result of
x

reflecting In(z) across the y-axis while also leaving behind a copy of In(z) to the right of the y-axis,
as shown below.
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4 2 \ / 2 4

\!
\/
)

Figure 4.17: A plot of In(z), shown in red, its reflection across the y-axis, In(—z), shown in blue,
and In |z|, shown by green dashes.

As we can see in the graph above, the slope at a point a > 0 will be the opposite (—1 times) the
slope at a point —a. If we plug both values into the function that represents the derivative of In |x|,
we see that this is true, getting % and }a = —%, so we have confirmed that the function % represents
the slope at any point of the function In|z|. This can also be shown using limits, just as we did

in Section 2.4.6 to show that — In(x) = —. Also, because this graph is just a reflection, the area
x x

between the function and the x-axis between two points a and b where a,b > 0 will be the same as
that between —b and —a, so this also confirms that the area under the function % can be measured
with the function In |z|, confirming that it is the antiderivative.

4.6.2 Known Integrals

In the previous section, we integrated % using only our knowledge that integration is the inverse
of differentiation. We did not use any fancy new integration technique. This method of guessing
a function whose derivative is the function we are trying to integrate can, in theory, be applied to
any integrable function. However, this is generally not a very efficient method.

While, in general, this is not a “good” method for integrating functions, it can be used to eas-
ily integrate functions such as :c++1 and cos(x) since we know functions with those derivatives,
namely tan~!(z) and sin(z). We will now use this method to re-present Table 2.1 of known deriva-

tives as a table of known integrals.

Let us begin with the function f(x) = cos(z). To integrate cos(z), we need to recall what function
has a derivative equal to cos(z). From Table 2.1, we know that the function that satisfies this is
sin(x), so we have

d

T sin(x) = cos(x)
d
/a sin(z) de = /cos(x) dz
sin(z) + C = /cos(x) dz. (4.4)
Thi thod b d f lex-looking int 1 11 h / . d
is method can be used for more complex-looking integrals as well, such as | ——— du.
p g integ VT

To integrate this crazy-looking function, we reference Table 2.1 and note that d—csc’l(:c) =
x
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Then, using the same method we used to integrate cos(z) and In(z),

—1
lz| Va2 — 1

dx |z| va? —1

d / -1
—cse (x)dr = —dx
/dx (z) |z| va? —1

csc Hz)+C = (4.5)

—1
— dx.
/|x]\/:c2—1 !

d -1
which implies that o [—sec™H(2)] = ———
x

1
|zl Va? =1 lz| Va2 — 1
—1
————— dx = —sec () dz + C. Is something here wrong?
|x| Va2 — 1

No, nothing here is wrong. While this may seem contradictory, remember, the integral does not
assign a single function as the antiderivative of a function, it assigns an infinite family of functions,
off only by some constant. In the case of the inverse secant and cosecant functions, they are equal
when this constant is 7. That is, —sec™'(z) + 7 = csc™'(x). A graph of this is shown below.

d
However, also notice that e sec” ()
T

Then, by the same logic above,

Figure 4.18: A plot of csc™(x), shown in blue, —sec™!(z), shown in red, and —sec™ (x) + g, shown

in dashed green.

We will continue with 2 more examples of this method. First, we will integrate a”. Since we do not
know a function whose derivative is a”, we instead think of one that is only off by a constant. The
derivative of a® is a”In(a). That is,

iax = a”In(a).

dz

If we divide each side by In(a), we are left with a function whose derivative is a®,

% an =an

/@ [w} w = o
/

We now integrate both sides,

a® dz. (4.6)
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And we have thus integrated a” using only our knowledge of derivatives and the fundamental the-
orem of calculus.

7?7 We

We will now continue with one last example. How do we integrate the function @
xln(a

begin by noticing that this is the derivative of the function log,(x), which gives us the following
chain of logic:

1
d_IOg“(x) - xIn(a)
/%loga(x) de = xli(a) dz
log, () + C — — / Ili(a)dx. (47)

1
Unfortunately, this is wrong for the same reason that / — dz = In|z|+ C instead of In(z) + C. We
x

can easily fix this in the same fashion as before, however, by adding absolute value bars around x.
While this method works completely for computing this integral, we actually have an easier method
we can do. Notice that, by property 5 of integrals,

This result is equivalent to log, |x| + C by the change of base formula for Logarithms, found in 0.3.
With this same line of reasoning for each cell, we re-present Table 2.1 as follows.
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Function Integral Function Integral
cos(z) dz sin(z) + C sin(z) dz —cos(x) + C
sec?(z) dzx tan(z) + C csc?(z) dx —cot(x) + C
sec(z)tan(z) dz | sec(z) +C csc(z) cot(z) do | —csc(x) + C
1 dx In|z|+C #(a) dz log, |z| +C
a/$
e’ dz e’ +C a® dx +C
In(a)

ﬁ dz sin~'(z) + C ﬁ dz cos Hz) +C
W% dz sec ! (x) + C WTgi_l dz cscH(z)+ C
x%ﬂ dz tan~!(z) + C = do cot™(x) + C

Table 4.4: A table of integrals you should know. If you have Table 2.1 memorized, this should be
very easy to remember—these are just the opposites of the known derivatives.

4.6.3 Split The Fraction

We now continue with a “new” method of integration. This integration method is more of an
algebraic trick than a method of calculus, but it is still an important method of integration that
may make integrals that look tricky actually become much more clear. In algebraic form, the rule
is simply

a+b a b
c ¢ c
This is just the inverse of the rule for adding fractions. When we have two fractions with the same

denominator and want to add them, we just add the numerators, which is exactly as we did above,
just reversed. This rule can be applied in the same way for larger fractions. For example,

at+bt+c+d a b ¢ d
—— = — =4
T r xr T =X

We will now go through an example where this method is helpful. Consider the function f(z) =

32 3
#. Find the integral of f(z).
T

Without the above method, this would be a very difficult integral. However, using the above
method, we can simply split up this fraction into three separate fractions then use property 2 of
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integrals and integrate each fraction separately:

59 52 —2
/f(x)dm:/xx—wdx: %—x—fﬁL%dx:/xdx—i—/?dx—i—/%dx.

We now consider each integral separately. The first integral is a simple power rule. Here, the

exponent is 1, so
2

x
dr = — .
/xx 2+C'1

For the second integrand, we must remember first that, by property 5 of integration, we can pull
the constant term —2 out of the integral. Then, we must recall that the integral of < is In|z| + C,

so we have 5 1
/__dgc:_Q/—dx:—an]mH-Cg.
€T x

For the third integral, we again use property 5 of integrals to pull the 3 out of the integral so that

we are left with 3 | — dz. Then, using the algebraic rule that ab = ﬁ, we have a simple power
x
rule: .
1 - -3
3/—2dx:3/x_2dx:3$——|—03:—+Cg.
x —1 x

Now, taking the sum of our three solutions, we have
32 3 2 3
/#dxzi—QIHM———l—C,
x 2 x

where we used the fact that the sum of three arbitrary constants C,Cy, C5 will give us another
arbitrary constant C'.

4.7 Substitution Method

Before we discuss how to perform a wu-substitution (referred to by most as a “u-sub”), we first
discuss the idea behind a u-substitution. Consider a function of the form f'(g(z))¢'(z). We know
that the antiderivative of this function will be f(g(z)). How do we know this? Recall the chain
rule:

= Flgla) = Fo())g ().
Then, integrating both sides,

[ Sy ar = [ ) i
flo)+C = [ Floa)g(a) de

This is what we hope to achieve when performing a wu-substitution—an inverse of the chain rule.
How do we do this? What do we substitute? To allow ourselves to compute an integral of this form,
we let u = g(x), the function who’s derivative is also present in the expression we are trying to
integrate. Since this effectively “removes” the z’s from the problem (we now are trying to integrate
f'(w)u), we must change the dz so that we are integrating with respect to u without changing the
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result of the integral. To do this, we can find an expression for dx in terms of u by taking the
derivative of u = g(x) with respect to . By the chain rule,

Su = o)
de dxg
du dz
1.8 = ()22
du = ¢'(x)dx
d_u = dux.
g'(z)

If we make this replacement into our new integrand, we have

/ F(g())g/(2) de = / f’(U)M;—% - / F(u) du = f(u) + C = f(g(x) + C.

Alternatively, instead of solving for dz, we can simply replace ¢'(x) da with du, since we found that
¢'(z) dr = du, as we will do in the following example.

Consider the function h(z) = 2z cos(x?). What is the integral of h(z)? We begin by noticing
that 22 is contained in another function and that its derivative, 2z, is sitting outside. This means

that we can make a substitution where v = 22 and du = 22 dz. We can then make these substitu-
tions,

/2£L‘ cos(2?) do = /cos(,r2)2:17 dz = /Cos(u) du = sin(u) + C = sin(z?) + C,

where C' is the constant of integration. We verify this by taking the derivative:

dr. . _d o, d 2
a[sm (2*) —1—6’] = asm(w )+ @C = 2x cos(z?) 4 0.
1
So our result was correct. Let’s try another. Find all f(x) satisfying f(z) = / YR dx

Remember, we only know how to solve integrals of the form u++1 (this is the derivative inverse

tangent), so our goal is to rewrite the given integral in such a form. We start by recognizing that
the constant term must be a 1, so we can begin by factoring out a 2 from the denominator,

1 1 1 1
/ do= [ somrd=s [ A
4x? 4+ 2 2(222 +1) 2) 222+1

Now, remember we want the denominator to have some variable squared by itself, not a variable
squared times a constant (in this case, the variable is « and the constant is 2). We can effectively
remove this constant by moving it inside the square by taking its square root:

21% = (V2z)%.

This is valid because (ab)? = a?b?, so (v/2r)? = V2'a? = 222, Using this, we can rewrite the integral

1 1
as 5 / ————  dx. Now, the integral is nearly in the form where we can easily integrate it. We

(Var) + 1
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can get it into the form 2 —7 by making a substitution where u = V2x and du = v/2 dz so do = d—\/%.

Making this substitutlon

1 / 1 | 1 / 1 du 1 / 1 d
- —dz== ] —— = U
2 (\@TV +1 2) w2+1y2 2v2) w?+1

1 -1
= Ftan Yu)+C = ﬁtan (\/§x) +C.

You should differentiate this result and ensure that it is in fact the integral of ;- —— =5

Let’s take a look at another example, / e“ve* + 1 dz. Here, notice that the derivative of e* 4 1,

e”, is right outside the square root, so we can “remove” it by making a substitution v = ¢” + 1 and
du = e*dx. Then,

2t 2 2
/e"'\/e-’f +1dz = /\/ﬂdu = —?:_ N +C = 5\/5—1— C = g\/(em +1)3+C.
2

Again, you should verify this result by taking its derivative.

(1111:)2 1

Consider the example dx. Here, we must notice that the derivative of Inx, -, is present

in this problem. This may be easier to see if we write our integral as

/% dx:/%(lnxf dz.

Then, we more clearly see that we can make the substitution where we take v = Inx and thus
1

du = —dux:
x

1 ; 1
/T(hlflf)Qd.’I} = /u2 du = ’% L o= (ngx) ‘e

Again, differentiating this result will help in your understanding and is generally good practice to
ensure no mistakes were made.

For our final example, consider the integral dz. In this problem, there isn’t an ob-

Vo

vious place to start—as we have discussed u-substitution up to this point, there isn’t a clear choice
of u. However, remember that we know how to easily integrate anything of the form x", so we want
to try to get this function into that form using a substitution. We can do this by changing the form
of the square root from having two arguments to just one by making the substitution v = — 1

and du = dz. Then we have
x+1 x+1

VI — \/_
However, before we continue, we must ensure that the integral is completely in terms of u, that is,

we must eliminate all 2’s from the integral. Since we said u = x — 1, we know u + 1 = x which
means that the numerator, z + 1 can be written as v + 1 = (v + 1) + 1 = u + 2. This gives us

r+1 u+ 2 / _1 1 1
dl_ du = u?(u+2)du:/u2+2u 2 du =
/ \/_

2 2
§u5 + duz —|—C':§\/(x—1)3+4\/x—1—|—0.
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4.7.1 Converting to u bounds

We now move on to a more subtle concept. When we evaluate a definite integral using the method
of u-substitution, the bounds change along with the argument of the integral. To illustrate this, it
is best to start with an example.

5.

I I I
0.0 0.5 1.0 15 20

Figure 4.19: A plot of the function y = x + 3 over the interval [0, 2].

Using geometry, we can easily see that the area of this shaded region is 8. Let us now use an integral
by u-substitution to see if calculus agrees with geometry. Letting u = x + 3, we have du = dx. Then,

integrating, we have:
2 2
/ ;r;—|—3d:,r:£/ udu =
0 0

So where did we go wrong? The answer to that question, is that the bounds [0, 2] are the bounds
on the variable x, not on u, thus, the error occurs at the starred equals sign. If the lower bound in
the x world is x = 0 and we know that v = x + 3, then the lower bound in the v world must be
u = 0+ 3 = 3. Similarly, the upper bound with respect to u is u = 2 + 3 = 5. If we apply this to
this problem, we have:

2 5 u25
/x+3d1‘:/udu:—
0 3 2 5

which agrees with our geometrical analysis. This technique of changing the bounds on the integral
becomes especially important in Multivariable Calculus, but can often be avoided in the setting
of Calculus I. An alternative to the above method is to switch the integral back to the x variable
before applying any bounds. This way, you can skip changing the bounds to the u variable. To do
this, first take the indefinite integral of the function (in this case z + 3). Using a u-substitution, we

get that
2

7

=2-0=2.

| S,

0
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If we now apply the original bounds of [0, 2] to this expression, we have

(x + 3)?

5 +C

2:%%—(2%):8,

0

so calculus once again agrees with geometry. For simplicity, the C is often left out of this type of
calculation.

4.8 Net vs. Total Area with Integrals

To begin our discussion on net and total area, we return to an example from section 4.2.4, Net vs.
Total Area with Geometry and Symmetry. Below is a graphical depiction of the function f(z) =z
over the interval [—1,2].

Figure 4.20: A graph of f(z) = z on the interval [—1,2] with negative area shown in red and
positive area shown in blue.

Using geometry, we found the net area to be 1.5 and the total area to be 2.5. Let’s begin by
evaluating the integral of f(x) = x over the given interval to see which answer our integral agrees

with. We have
2 72
/ zdr = —
1 2

So it seems that integrals measure net area. Further evidence of this claim can be seen by
looking at the definition of the definite integral from section 4.2 on Approximating Integrals. Since,
as with the LRAM, RRAM, and MRAM approximation methods, we add up rectangles between
the function and the x-axis (see figures 4.2, 4.3, and 4.6).

2

=2—-—-=1.5.

1
2

-1

This begs the question, how do we measure the total area between a function and the z-axis?
To measure total area, we must treat all area as positive. To do this, we can simply make the ar-

gument of the integral always positive using absolute value. So, to measure the total area between
2

the above function, f(z), and the z-axis, we must evaluate the integral / |z| dz. So how can
-1
we evaluate this integral? We've never integrated anything involving absolute value before. The

answer is to utilize properties of integrals to turn this into two regular integrals. We do this at
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every place the value of the part inside the absolute value bars changes from positive to negative
(or from negative to positive). In this case, the expression inside the absolute value bars, z, only
changes sign at x = 0. The first property of integrals stated in section 4.3 allows us to rewrite our

integral as follows:
2 0 2
/ |z| dz = / |x\dx+/ |z| d.
-1 -1 0

Now, if we omit the absolute value for a moment, the first of the two integrals on the right-hand side

measures the area beneath the z-axis and above the function, while the second measures the area

beneath the function and above the z-axis. This means the first integral’s value (again omitting

the absolute value) will be negative, and the second will be positive. Since the second integral will

be positive even without the absolute value, we can remove the absolute value bars entirely. As for

the first integral, we can move the absolute value bars to the outside of the integral so that we have
. This leaves us with

0
/mdx
-1
2 0 2
/|:17| dx:‘/ x dz +/xdx:2.5,
-1 -1 0

as you should verify using the power rule. It is important to note that you can only pull absolute
value bars out of the integral if the function inside the absolute value does not change signs. For

example,/ |sin(x)| dx # / sin(z) dz

4.9 Tips, Tricks, and Creativity

only

After completing many integrals, you will begin to notice patterns that will make integration much
easier. This section hopes to give an overview of these various tips and tricks, as well as discuss
some of the more creative ways of integrating various functions.

4.9.1 A Different Kind of u-substitution

Earlier, we discussed u-substitutions as a method of integration when the derivative of a function
in the integrand is also in the integrand. However, u-substitutions are often used in other integrals
as well. Take the following integral, for example:

/x\/x + 1 dzx.

Here, there is no clear option to set as u. As we have presented u-sub previously, this likely doesn’t
even seem like a time to employ the substitution technique. However, this is a great time to employ
it. If we take u = x + 1, then du = dx. We can also solve this equation for x, yielding u — 1 = x.
Then, making some substitutions, we have

2 2
/(u—l)\/ﬂdu:/ug—ué du:gu% _gu
Then, substituting back, we have

2 5 2 3
/x\/a:+1dx:5(x—|—1)2—§(x+1)z+c'_

Njw

+C.
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Another, albeit slightly more difficult example, is the following integral:

Inz
[ s i

Here, you may jump to think that « = In(x) is a good substitution. Let’s test this theory. If we
1

take v = In(z), then du = — dz. Substituting, we have
x

/G%WM'

At this point, we could perform a second u-substitution in a similar fashion as we did above. This
would require a second substitution (of ¢t = u + 1, or with some other letter than t), which could
get quite confusing. We would then have to substitute back after integrating to have everything in
terms of u then again in terms of £. However, this integral can be computed much more simply,
with just one u-sub. We said a second u-sub of ¢t = u + 1 would be necessary at this point, but,
since u = In(z), this is just ¢ = In(x) + 1. This suggests that a more efficient substitution to begin
with would have been v = In(z) + 1. If we work with this substitution as opposed to our earlier

one, we still have du = — dz, but we also have v — 1 = In(x). Then, substituting, we have
x

/“4w_/———m_/ M—/—m

Then, integrating, we have

1 1
/ du—/—du—ln )—l—a—i-C':ln(ln(x)—i-l)-l—m—l—C.

Learning to notice clever substitutions like these will save you much time.

4.9.2 Creativity

There are times when you have to be quite creative to solve a given integral. Consider the following

integral:
2
/ Y
x?2+1

Here, there is no clear first step. This is where you must get creative. We begin by noting that, if
72
+1
=1.

2+1
So then, how can we get this + 1 term in the numerator? We can do this by adding and subtracting

one, effectively adding zero and not changing the integrand:

x? 24+1-1
dr= | ———— dx.
/x2+1 . / x?+1 o

2

We can now split this fraction into two, one with our desired PERE allowing us to complete the
x

?4+1-1 2+ 1 1 1
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Adding zero, as we have done above, has already shown to be extremely powerful. We will now take
a look at another integral that requires a similar, but unique, technique. Consider the following

trigonometric integral,
/ sec(z) dx.

This integral went unsolved for many years, but can actually be solved fairly simply, if you get

creative enough. When rationalizing the denominator of a fraction like —, we typically use a

V2’
trick to move the irrational part, v/2, to the numerator. This trick is to multiply by ﬁ = 1.

Multiplying by one can be a powerful technique, and it is what will allow us to solve this integral.
If we multiply the numerator and denominator of the fraction by the expression sec(x) + tan(z), we
will get something far more manageable. Doing so,

/sec(x) (sec(x) + tan(z)) dr — / sec?(z) + sec(r) tan(x) "

(sec(x) + tan(z)) sec(x) + tan(z)

Now, take a look at the denominator. The derivative of sec(z) is sec(x) tan(x), and the derivative
of tan(z) is sec?(x). Both of these terms are present in the numerator. Adding them together,

d
d—(sec(x) + tan(x)) = sec(wr) tan(z) + sec*(z), exactly what is in the numerator. Thus, a u-
x

substitution is called for, with u = sec(x) + tan(z) and du = (sec(x) tan(z) + sec?(z)) dz. Making
this substitution, we have

/SQC(.CE) de = / sec*(x) + sec(z) tan(z) dz = /% du =In|u| + C.

sec(x) + tan(x)

Now, substituting back, we finally have that
/sec(m) dzr = In|sec(z) + tan(x)| + C.

The actual integration here was not hard, but there was some trickery that is difficult to notice. In
future chapters, we will discuss other methods to tackle this specific integral.

4.10 Extra Examples

4.11 Chapter 4 Summary and Exercises
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Chapter 5

Applications of Integrals

5.1 Initial Value Problems

5.2 Average Value of a Function

A simple, yet important application of integrals is finding the average value of a function. We can
estimate the average value of a function f(z) on [a,b] by sampling points in the interval [a, b]. If
we sample n points, the approximate average is given by

Average value of f(x) on [a,b] ~ le

If we sample every point, that is, we take the limit as n — oo, we see that the average value of f(z)

is given by an integral. We can see this more clearly by setting Az = b’T‘l:
n b o
Average value of f(x) on [a,b] = nll_g)lo Z x; = an il nh_)rglo Za: A

The right-hand-side here is just the limit of a Riemann sum, exactly an integral. We summarize
our results below.

Average Value of a Function

Suppose f(z) is integrable on [a,b]. Then the average value of f(x) on this interval is given
by

Average value of f(z) on [a,b] =

Curiously, the average value of a function f(x) on [a, b] is just the area between f(z) and the z-axis
divided by the length of the interval. One may expect this, however. If you multiply the average
height of an object by its length, you get its area (this is exactly the idea in finding the area of a
triangle or a trapezoid).

Example 8. Find the average value of f(z) = 2® — 2z — 1 on the interval [—1, 3].
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Solution. The length of this interval is 3 — (—1) = 4. Then the average value of the function is

3

1 [ 1 (2"
1/_1x3—2x—1dx = Z(%—ﬁ—x) 1
1 /81 1/1
S S (L
1 (F-ovs) -1 (5-1+1)
T
= 3
so the average value of f(xz) over [—1,3] is 1. O

5.3 1 Dimensional Particle Motion Revisited

Exactly as we used derivatives to find the velocity and acceleration of a particle, we can learn about
a particle’s motion using integrals. Since integrals are functionally the opposite of derivatives, the
functions of position, velocity, and acceleration are related to one another via integrals in the oppo-
site manner that they are with derivatives. Thus, given the velocity function of a particle, we can
find its position function, and, given the acceleration function of a particle, we can find its velocity
function. However, there is an important caveat.

Suppose that the position of a particle is modeled by the position function s(t) = % — 2t 4+ 1.
Its corresponding velocity function would then be s'(t) = v(t) = t* — 2, and its acceleration function
would be v'(t) = a(t) = 2t. However, if we integrate the acceleration, we get t> + C. Integrating
the velocity, we get g — 2t 4+ C'. Each of these calculations is off by a constant. If we knew that
s(0) = 1 and v(0) = —2, we would have been able to get the correct velocity and position functions
from the acceleration functions. Thus, we need an extra condition, an initial value. Without an
initial value, we cannot find a specific velocity or position function using integrals.

Example 9. The acceleration of a particular particle is given by a(t) = 3t — 6. Also, the velocity
at time ¢ = 2 seconds is v(2) = 3 meters per second, and that the position at time 0 is s(0) = 4
meters. Find the position at time ¢ = 2 seconds.

Solution. Since we have the acceleration, we can integrate it and use the initial condition for the
velocity of the particle to find the velocity function. Doing so,

3t?
v(t) = [ a(t) dt = 3t—6dt:7—6t+0.

We can solve for C' by plugging in ¢t = 2 since we know the value of v(t) at that time. If we do so,

we see that 1o
so C' = 9 meters per second. This means that v(t) = % —6t+9. To find the position, we integrate

velocity and apply the initial condition:

2 3

t t
s(t):/v(t) dt:/%—6t+9dt:§—3t2+9t+(l.
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Using our initial condition,

4=s5(0)=C,
so C' = 4 meters. Thus s(t) = % — 3t + 9t + 4. Plugging in t = 2,
s(2) = 5~ 3(2)*—=9(2) +4 = —22.
The position of the particle at time t = 2 seconds is —22 meters. O]

Example 10. Find the average velocity of a particle whose position, in meters, is modeled by the
function s(t) = e* — 3 + 2 between time ¢ = 0 and ¢ = 3 seconds.

Solution. The velocity of the particle is measured by the derivative of position,
v(t) = §'(t) = 2e* — 3t°.

To find the average velocity on [0, 3], we find the average value of v(¢) on [0, 3]. This gives us

1P 1 3
—— [ 2 —3tPdt = —(e* —t%)
3—-0J, 3 0
1, 4 1
= —(e5=27)—=(e"—=0
S —27) — (e~ 0)
~ 125.143,
so the average velocity of this particle on the interval [0, 3] is approximately 125.143%. O]

5.4 Integrals as Accumulation of Change

A natural question one may wonder is how we can interpret integrals in ways other than as the area
between a function and an axis. A pleasing answer is that integrals can be used to measure change.
This is best seen with examples.

Example 11. Suppose that a particle is oscillating up and down and that its vertical position at
time t seconds is s(t) = sin(t) + 2 nanometers, as below. What is the net distance traveled by this
particle on [0,27]? On [0, %]? What is the total distance traveled by this particle on [0, 27]? On
0. %7

2 4 6 8 10

Figure 5.1: A plot of the function f(z) = sin(z) + 2 with the points (0,2), (3,1), and (2m,2)
labeled.
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Solution. Net distance measures the change from starting position to ending position. To
calculate it, we just subtract the initial position from the ending position. On [0, 27], the net
distance traveled is then s(27) — s(0) = 2 — 2 = 0 nanometers. On [0, 27|, the net distance traveled

is s(37) — 5(0) = 1 — 2 = —1 nanometers. Note that we also could have calculated each of these as

| /O% s'(t) dt = /O%U(t) dt

3m/2 3mr/2
/ s'(t) dt = / v(t) dt,
0 0

respectively. So integrals measure net change, and thus the area under the curve of f’(z) on
la, ] is exactly the net change in f(x) on [a,b]. This is another way to state the Fundamental
Theorem of Calculus (2).

and

Total distance measures how far the particle travels, no matter the direction. Total distance is
often a more useful measurement than net distance. For example, if you were to go for a run,
starting at the same place you stopped, your net distance traveled would be 0, no matter how
many miles you actually ran (your total distance). To measure total distance, we want to treat
all distance as positive. Thus, instead of measuring this distance by integrating s'(t) = v(t), we
integrate |s'(t)| = |v(t)| to treat everything as positive. Then the total distance traveled by the

particle on [0, 27| is
2m 2w
/ |s" (1) dt:/ |cos(t)] dt.
0 0

To evaluate this integral, we consider the plot below.

2,

K
=S

IS .
o

Figure 5.2: A plot of the function cos(z) on [0, 27| with the z-intercepts labeled.

Notice that on the intervals [0, 2] and [2F, 2], the function is positive and on [Z, 2], negative. Thus

we split up the integral into these three parts, omitting the absolute value on the positive intervals:
2m w/2 3m/2 2m
/ |cos(t)| dt = / cos(t) dt + / cos(t) dt +/ cos(t) dt = 4.
0 0 /2 3m/2

Thus the total distance traveled by this particle is 4 nanometers. For [0, 37”], we see that the total
distance traveled by the particle is
3m/2
/ cos(t) dt

3m/2 w/2
/ |cos(t)| dt = / cos(t) dt +
0 0 /2
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5.5 Area Between Curves

Using integration, we can find the area of irregularly shaped regions. We do this by defining the

region with multiple functions, then finding the area between those functions, or curves.

Example 12. Find the area of the shaded region below. The curve in blue is f(z) = x, and the

curve in red is g(x)

Figure 5.3: A plot of f(x) and g(x), with the area between them shaded.

Solution.

(r —3)?+1.

5,

P A
1 2

3 4 5

following is a visual representation of how we will solve this problem.

5

4

3

Figure 5.4: A graphical depiction of the area under f(z) minus the area under g(x).

5

4

50

4

3

To do this algebraically, we must set up and evaluate both integrals:

So the area bounded by these two curves is

/;f(x) dx—/;g(x) dz

9
5

= [ 5@~ otw) as

To solve a problem like this, we must remember what an integral solves for.

= /x—(x—3)2—1dx

2
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Example 13. Find the area of the shaded region below. The curve in blue is z = f(y) = (y—5)*+1,
and the curve in red is is = g(y) = —(y — 5)* + 9, each defined on the interval [3,7].

7
61

5

4 6

Figure 5.5: A plot of f(x) and g(x), with the area between them shaded.

Solution. While similar to our first example, there is a slight difference. While it could be done
using the same method as in our first example!, that would be a long computation and would allow
errors in computation to occur with ease. Instead of solving for y and integrating with respect to
x, we will integrate with respect to y. We again start by visualizing this:

74 ~ 7t — 7
6 6
: N . ] >
4 4 4
/ - ~— — \/
3 — 3 T 3
1 2 - é o o

2 8

5 4 6

Figure 5.6: A graphical depiction of the area between f(z) and the y-axis minus the area between
g(x) and the y-axis.

Again, to find the numerical value of this area, we set up both integrals, and subtract them:

7 7 64
/—(y—5)2+9dy—/(y—5)2—l—1dy:§.
3 3

We leave the computation of these integrals to the readers. As an addition exercise, try computing
this area using the method of the prior example (integrating with respect to x instead of y). O

5.6 Volumes of Revolution

Not only can integrals be used to measure area, they can also measure volume. Using integration
to find the volume of various solids is a large topic in Calculus 3, and here we will see a very small

1To do this, one would solve for # = f(y) and & = g(y) for y, then solve the resulting 4 integrals. The 4 integrals
instead of two are a result of having a + when solving for y since these are quadratic equations.
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sample of that. Before getting into the specifics, we will first get an idea of what it means to revolve
a curve about an axis and how to visualize it.

Counsider the curve below.

N N I
0.5 1.0 1.5 20 25 3.0

Figure 5.7: A plot of the curve f(z) = %

If we embed this curve into the 3 dimensional world, one with an x, y, and z-axis, we would then
have the following plot:

Figure 5.8: A plot of the two dimensional curve f(x) embedded into three dimensional space.

If we were to take this curve and revolve it around the z-axis, we would wind up with the 3D-shape
below, called a surface.

Figure 5.9: A 3D-plot of the curve f(z) revolved about the z-axis.

We may instead want to rotate this curve about the y-axis, resulting in the following plot.
In general, there’s nothing “special” about rotating around the x or y-axis. We might rotate about
some other axis, called the azis of rotation, such as the vertical line x = 5, the horizontal line
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Figure 5.10: A 3D-plot of the curve f(z) revolved about the y-axis.

y = —1, or even a more complex axis like y = x 4+ 12. The axis of rotation can even be inside the
curve (in our above example, such as the line y = 1), though the interpretation as a physical 3D
solid is then slightly more difficult. Here, we will only cover rotations about simple axes, horizontal
and vertical lines.

5.6.1 The Disc Method

To find the volume under a surface like the ones above, one option is to use the disc method. To do
this, we imagine slices of the surface, all of which are discs (circles), as depicted below.

Figure 5.11: A disc (slice) of the revolved f(x) when z = 2.2.

Since each slice is a circle, its area is given by 772, where r is the radius. Here, for a given circle at
x = a, its radius is exactly f(a), the distance from the z-axis to the curve at a. Now, recall that,
to find the volume of a cylinder with radius r and height h, we compute 7r?h. This formula can be
viewed as finding first the area of any circular cross-section, 72, then multiplying by the height h,
and adding up all these little cross-sections. Thus, we might view the formula for the volume of a
cylinder as an integral,

h
Volume of a Cylinder = 7r?h = / mr? de.
0

If the height started at + = a and ended at x = b so that h = b — a, we might instead write
b
Volume of a Cylinder = 77?(b — a) = / 7r? dz.
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We use the exact same method here, except now the “cylinder” is of variable radius, f(z). Taking
r = f(z), we see that the volume of a curve f(x) on [a, b] revolved around the z-axis is as follows.

Discs Method

The volume of the resulting solid after rotating an integrable curve f(z) on [a,b] about an
axis can be found using the discs method,

Volume = /abﬂ(f(x))2 do = W/lbf(x)z da.

Note that this is not the most general form of the formula, and some set up will still be required
when completing most problems (see Example 15).

Example 14. Find the volume of the resulting solid when the curve f(z) = % on [0,3] is
revolved around the z-axis.

Solution. This is the curve we have been working with throughout this section. For plots, see
Figures 5.9 and 5.11. Evaluating the integral, we see that the volume of this solid is

® (cos(mx) + 1>2
s ————— ] dx = 7.06703.
/0 ( vr+1

]

Example 15. Find the volume of the resulting solid when the area enclosed by the curves f(z) = 2?
and g(x) = /z is rotated about the line x = 2.

10-
08
06
0.4}

0.2

I I 1
0.5 1.0 15 2.0

Figure 5.12: A plot of the region S bounded by the curves f(z) = 2 and g(x) = y/z and with the
axis of rotation, r = 2.

Solution. To solve this problem, we will use an extension of the discs method called the washers
method (think of a physical washer). We will find the volume of the resulting solid when f(z) is
rotated about the line # = 2, then subtract from it the volume of the resulting solid when g¢(z) is
rotated about the line x = 2 (exactly the same way that we would find the enclosed area between
the two curves, this time with volume of their resulting surfaces).

Since we’re rotating about a vertical line, we want to integrate with respect to y here. We solve the
equations for z:
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We need not worry about the =+ since we are only considering positive z. We have in mind the
following picture:

Figure 5.13: A plot of the region S rotated about the line z = 2.

The distance between the leftmost curve (y = f(x) = /) and 2 = 2 is given by
R=2—1*
and the distance between the rightmost curve (y = g(z) = z?) and = = 2 is given by

r=2—./y.

To understand why the “2 —” is there, note that the distance between each x value and the red
dashed line is 2 — 2. We now find the volume of the resulting solid. Our “big radius” is R = 2 — />
and our “small radius” is r = 2 — /y, so:

1
Volume = 7r/ R*—7r? dy
0

5.6.2 The Cylindrical Shell Method

The cylindrical shell method, or shell method for short, is another way to measure the volume of
these 3-dimensional solids that are the product of revolutions. Here, instead of thinking of circular
cross sectional areas, we think of the solid as an infinite number of cylinders next to one another.
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Figure 5.14: Plots of f(z) = % revolved about the y-axis with cylinders with radii z =
0.5,1.5,2,2.5 and corresponding heights f(0.5), f(1.5), f(2), f(2.5) centered at the origin from above

and below. A plot of the cylinders without f(z).

The plot below helps to illustrate this.

To find the volume of the resulting shape of the revolution of a curve f(x) on [a, b] about the y-axis,
we add up the volume of each cylindrical shell. Each cylinder has a radius = and height f(x),
along with a small thickness Ax. The corresponding area of the base of a shell is then 2rzAz. We
multiply by the height of the cylinder, f(z), to get a volume of each cylindrical shell as 27 f(z)Ax.
Roughly speaking, if we make each cylinder infinitely thin and add up all the volumes, we then get
the exact volume of the solid, as follows.

Cylindrical Shells Method

The volume of the resulting solid after rotating an integrable curve f(z) on [a,b] about an
axis can be found using the cylindrical shells method,

b b
Volume = / 2z f(z) do = 27r/ xf(z) de.

Example 16. Find the volume of the resulting solid when the curve f(z) = % on [0,3] is
revolved around the y-axis.

Solution. This is the curve we have been working with throughout this section. For plots, see
Figures 5.10 and 5.14. Evaluating the integral, we see that the volume of this solid is

 rcos(mx) +

27 e
0 \/l‘—l—l

dz ~ 15.9985.

]

Example 17. Let f(z) = z°>. When the region bounded above by f(z), below by the z-axis, and
on the left and right by the lines x = 1 and x = 2 is revolved around the y-axis, find the volume of
the resulting region.

93



5.7. CHAPTER 5 SUMMARY AND EXERCISES

‘ 0.5 B 1.0 - 1.5 2’.0
Figure 5.15: A plot of the region S bounded by the curves f(z) = 2% =1, x = 2, and the z-axis.

Solution. We have in mind the following picture:

Figure 5.16: A plot of the resulting solid when the region S is revolved around the y-axis.

We now evaluate the integral to get the volume.
2 2
Volume = 27r/ zf(z) de = 27?/ z(z%) da
1 1

2
2 4
= 27r/ xgdx:27rx—
1 41

1 15
= 27 <4 — Z) =5 TR 23.5619.

5.7 Chapter 5 Summary and Exercises
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